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Emergency of Gravity .

strong , weakandelectormagnetisinteraction,We can

use Gaage theories Based On SU (3JX SUC2)xUl4 )todescrib

them
,
and in, Weknowhowtocalculate.

BL ,
For gravity ,claisicalgravity spacexime

quantum gravity = ? ? ?

Ls is spacetime the most basically thing ?
is spacetime continuous ?

1997 Maldacena :

Quantum Graviey FieldTheory .

↑ on a fixed space time

Pynamic of spacetime means no Gravity
x

1967 .
Sakharor There are something can

be explained as metric ofConnectioninCut.
Use Field Theory to describe grariy .

can Weuselower spin particle to compose
the massless 2-pingravieon ?

We inberg and Wixten 1980 no - go theorem
.

① A theorythatallowstheonstructionof a



LorentZ Covariaat conserved Current cann 'e Contain

massless particle of spin large thanYo Withnon-vanishin
valuc of Q = { god 'x
) A theory that allowed a Lorenta- Covariant Conserred
stress Thensor pav .

Can not contain Massless particle
of spin lange than I .

@QED = Maxwell + Dirac

↑ L U )Ju
sophoton spinss

photon does noe Carry charge 么

aIn GR there is no Conserved LorentZ- Covariant
一

Tuv
,
Tur is not conserved in GR soin Idassical)

GR
,
We can have spin- 2masslessparticle .

a ② ⇒ None of renormalizable QFTs in Minkowski

spaetime can have emergentoravityconserved
.

.

JMTur = 0 =⇒ ∂0Tuv =0
To proof these two theorems .Weshould assume that .
- The particles live in the spaxiceme is the Original
theory . √
In Holographic Duality , gravity does not
live in the same space xime .



proltone-particalstatett,shelicitts
Rlo , k ) .

Socs) operator ,arreundaxisiks
R 0 ,

K
) Ik , os= eioolk,os (DefofHelicity )

puId'xTous pulk , )= kuyk, 0 )

θ 1 k , σ>= q 1 k
,
0)

( i ) Loreatz Symmetry .

Ck , o 1 ju ( k, a) k→klIko-p ①

(k
,
6 ITarIk ! ,)kxk'kπ》 ②

Whene Ck
, 1 k ,8') =88,127gls "(k, K')

To Derive0.youjuseneed toprove ski1 jolk!, 8 )=.
similarly . You tan prove q.②
( i ) Massless . ⇒ k㎡= 0 , k

"
= 0

2Kik'< o. 7kekl is time- like

so you can choose a fram that kts: 0
k = (E ,

0
.
0
, E )

,
k
1
= ( E

,
0
,
0
,
- E )

liii ) Under a Rortationarand e.

Rz
( θ)| k,σ=+ j )= ei

- s - θ 1
|k , j >

Λ

Rz (0 ) ( k
"

,
β=+ j > = ei -j - 01k "

, j >

Be cause k, k
"
have opposite dericeion.s



cousider ( K" , jI k' co ) guriolkijs
= erijo <k "

, jl Julk .js
= hMo Co) <k'jl Julk . js

G.D-So OBut lµ r ( 0 ) = (% 品品)
:3MVco ) has eigenvalue erisd
But MUrco ) can only has eigenvalue

etil
.
I

丄

soj = 0 , 2 ,
soqto ⇒ 5 =0

,
之

,

similary .

erijo sk' ijlyeullk , js
: 1Ux U" p < k "

, j tyxelk , jn
=⇒ j ≤ 1



classical Black Hole
Important scales .
-

mp =v= 12×1019Ger/cr
- lp =π≈ 1 .6 ×1033 cm

strength of Graviey .
- For Elecero -Mayneeis , compton Wavelength : rs :ac
this tellUstowhat extend we Can call a single
particle ,

the effective streagth of EM :

→ λ e = Vo= 毙 = 2 B , thisisthe coupling conse
of QED

一 :

繼“ 坦.齒:喪 =管 : 張
MaaMp ) ,gI for e ste~ 1043

Gravity really weak !

Schwar zchild radius
Grum'cr⇒ rs ~ Gry

C
三

o"the
dauial sraritg

the analysis af shedybe-
'

nditesthetrt
of a black hole .



Remarkable thing :BlackHole can Have Quantum Effect

Manifest at Macroscopiclevelaelengeh scales Ocist , Althory
m << mp
Without Gravty : $l→ x , length sale xo
With Graviey: Whea

Eom)mp.rs dominate since.

rSXE
.
so t . rst langth scalef .

soplanck

leagth is the minimal length scale one can probe
Because the E too large . you create a black
Hole

Various Regimes of graviny .

- classical graviey : tis0
, Go finiee .

- QFT in a fixedspacetime: thfiniteGu→O
(perturhative Quantume araviey)

- Quantum Gravinty :Gu .thfinite .

- semi - classical Regime of QuantumGravity :

T keep th finite , expand in Gu larrond Gu- o)
Ads /CFT



Schwar Z Metric . (l=0 )

dsy:- fdtr+Z -= 号等
'esiniodps ,

evene horizon : r =rs , where gHe=0 , grr= x

When rers ,
f switehes sign

some simple faces :
① time - reversal invariant .
- so the schwarz Metric Only can describe
the stablized Black Hole Atter collapse
This is the Mathenatical idealization of the BH .

② There is no spacetinesingalarityat rers
this is the coordinate singularity

③ r= rs is a null Hypersurface. : have null

geedesic .

④ The horizen is a surface of infinite redshife .

consider an observer On at r =rnars .

… … Dx at r = x

at r = xds2 = - dt=+ drr+ . … ( AFS
.)

t : propertime of Ox



at r =k
.

dst= - f (ra)dt'
+
- …

d = FAru) dt=A - f dt .

h

as ra →rss dcalde→ 0 . compare to the time
atr =x the time aerars be comes infinitely slow
Ex =Eafi(ra) ,

ie . for any finite En , Ex
→0

as raxrs
.

so infinitely redshife . Any event at

On has no energy by the view of Dx .

“

④ It takes a
"

fee- falltraneler a finiteproper tine
.

to reach the horizon
,
but

. infinite schwarzchild time
“

Frozen at the horizon
"

⑤ Once inside the horizon, a traveler can not send

signals to outside . nor Can escape .

⑥ Area of a spatial section .

An = 4π rs2 = 16π GNMZ

Surfacegravity :(Detchedby theacceleratitn of a sta-
- tionary observer at the horizon as measured
at infinity .

k = {f '(rs ) =rs=Gwu



Causal straceure of Black Hole
consider the region near the horizon

,
rurs

f (r) = f
'

( rs) (γ- rs ) +
…
.

consider the proper distance I from the horiton

dp =

f

ear
"

Frsr-tr
.

. .

=⇒ β= y的. +
… → f ( r) = 当f'℃∝p

=

Λ
L measuned by observer at horizon K

2

Iategral coustant is Ilr, )=o
⇒ dsc = -kip

>
dt=+ de

'

+ rs
'

d r= + O(r- rs )

so we trons form to the reference fram of
theobserveratthehorizon keetionang )

Define : 7 :kt ≡ ☆
s

=⇒ ds~ ≈ - prdy
?
+ dpre rs

'

d irs
一 一

el d Minkowskispacetiul s
' with Radices

( In'Rindler Form) 号

So At Horiornthe space time ofschwara spaatime
is euldRindler x 8

r

Minkorski dst - dredX
2

Introduce X - P oshy ,
TeIsinhy



sdst
-
-prdgltdessoRndler Minkowski

But Rmdler spaeetime has Erene Hovizon, te

only coner Y4 of Minkowski spacexime
Because . X

^
-tr = pe and X 20
\ T 八 =onsh

∴ t"mm

7-→-0λ Rudler : Y

4 ,Miukow ski

A ccelarating obcerver canonlysee aparto
our Universe
⇒ P =0 ⇒ X=±T .

tIon thehorizonI hotneas,exallyt)
so BlHHorizon corresponds to x=±T
⇒ near -horizonBHgeometry =Rindlerxs

窒扭心…



)An observer at r = constsI = const in Rindler . so

although he stay in Schwarz spacetine , he actually -
acce ratle inginMinkowski space time patch .

心 a = %=式 x 间
,

an = UVJo UM
,
UM: dhe

Evnewed by himself , kis the a viewed bynfinity
=⇒ ax= a(r) fi (r) = k

2) free -fallobserverneartheBlH horizon also free-fail
in Ma

,
so it is the inertial fram in M .

3) Rudler spacetime is singular at Pao ,
like rars

it' sthewordinate singular ,
But I Coordinate

We can Extend Rundler spacetime toMinkowski

spacetime and remove this sngulariay .
simillarly ,bychanging tosuitableoordinate (krucka)
one can extend the schwar a Geometry to full Reyions.
remove the singularity at rers tme space

3fall into BH
.

I → I

> IV #. for real
心

。
firome

Reverse

BH I and IV do not exiae

C)r= o istheBy singularity



Black Hole Temperature
In QEt , todescrikea systematfinite s , We need
go toEudideane → - ir τ~ eei β , β= 卡

conversely .if tx- ic , eisperiodizly then , this
system is Fimite Temperatune .

Er BH ,
t → - iτ → dst = fdrr+ Z'drerrdr?

near the horitom
. QSE : I

'

ik
'

deredprersidire
Iatroduce θ= Kτ ⇒ dsE = P

'

dθ^+ der + ridri
This meeric has a conical singularrey at P = 0

unless Q ~Otn , since the horiton non-sigular
ih the Loreatz piceune , it shald noe be singular
in Euclidean .

3 O~ Ot22 ) I ~Cy
2㉒

☆ β

⇒ β= ⇒ T=☆Recallt = -iT
,
tis

theproper tine of retx observer sor- nx observer
Will feel terperaame at

T =器二r , =Gm∞

for an observer at so me r (statinary ! at thnosfall int)
(

dtcoc = fi (r) dt ⇒ T0c (t) = Txf
号
(r)

at rs T → x



Similar
.

For Rinderter space time
ds = - I

^

dq = td β→=i 0 p
3dθr + dpr

sQ -D +2 π, ForRndler observeratconseant ?

propertine . dtloc - Idn
's dteoo: pdo

Tloc N Toc t 2 ap
E Aβ

Twc (e) =☆0
=完 - a0 c (a 品)

Unruh Effect !

Phy sics interpracation of Temprature
COnsider QFT IM BIH spacetime .

The Vacunm
state obtained via the Analy tis continuation procedare
from Euclidean Signoture is a thermal equilibrium
stated temperatune (depends on the propertime. wirrt.
the observer)
① : The choice of Vaccum for a QFI in a curved
spacetime isnotUnique.It' s observedependent.
so . When Weuse the Wick Rotation to



calculate the temperature . We make a special
choice of the Vacuum:

For BlH
:

"Hartle -Hawking
"

Vacnum
For Rudler : Minkowsa Vacaum reduced to the

Rindler patch
② If for a BtH ,Wetake e to be uncompace .

Wick Rotation back to torent .

⇒ schwarzchild (Boulwane ) Vacuum

This is the Vacaum that one would get by
doing Canonical quantization in a BH interms of t

For Rundler : Ouncompacts Rndler Vacuum .

Can also be obtained by Canonical quantization
③ In schwarzchildVacuum, thecorresponding
Eu cdidean manifold is singnlar at rers .
s physical observablesarealsosingular aers
so H- H Vacolum is mone physical than s vacuaum

Phy sical Origin of the Temprature



Two Equivalent Ways todescribestatical mechanics
① ④>=≡ [r( eβH 0 )

② Umetaw a 1960 ' s

consider double
copy of the same system

打 =北
.
@ Hz

( 凹 ) = 元元 e^
rnpin , > @ M) ε H

For any observable O , in fH ,

<Ψ 10 , |Ψ) =当e
^ann 10n ( n) =<θ ,

>

Tr.(x><Ψ 1) = 五异 e
β的,

n >,snl

= P
.

From pure s tate to mixtune state

Temperatune arises due to our igherance of
System 2 .

H
.

Tor Harnonic Oscillatrs ,14) .Bexple
号aiiai]"—

sqnearstates



pefinebils ) -bule70
sbr = cosho a -sinho at Rogo lin bou Trane formation

b 2 = osb θ az - smhoa ,t

cosho-tee osmnd =
eβwcosho

.

10)
,
@ lobz is Vacuum for a . , az

I4) is Vccaumforbi, br

schodnger repre sentation of QFT .

configuratoonspace : 1 ix , t :0 ) Pix) onthe spaidslice

Hilbert spae: H : EIIPLx33 ,Funolionl
d(x,tr)=β~( *)< z( *tdψ. (* 1,t . )= % ,21eiscol ](x,t .) = φ

,
(x )

Vacuum Ware famctitnal φ (* , tz=0)=β (x)

<( *)60>=Ψ
。⑩ (*] = {pd (x , tπ) e 后[0]e i,

tr= 0 t
、
z - x

t
三Co

tE : = Imt Integrate for all t: <o why ?
los means no boundenyatt ,

.IeE) lH trick (sned -nicki



H → ( - iG)Hyhen :

1 Heiserbery t :o cofigura
1 ① (x ) ,t>= eiHt | b (x)》 space

t→-x
~ Colpix , ) 10)

>10 )= ☆ / ddix ) |ψ (xi +)
⇒< / ( *) ( 0 )= / dp'

(

b1 *), t = 0| φ ' (x )
,

-∞)
φ (x, t=0)= d (x)

iscl )
= {db "Pb e ↑

0

dix , t∞)心
= Igt

① 1*
,
t=0)=) (x)

: JDd eisul )
t nlidy

so 1os means no boundary
Qharlum mechamcs . amanlg ffs4

J
X( tz=0)=x

_ SElx了<x (0b = x. (x ) = px <tE)e

Come Bake to a QFT inRudler spacetime .
ds^=-d+r +dx 2 老ordy ㎡+ p

2



Mink can sereJrand
t

,butkindcanOnlyseethef
…

107
m

TD ITE , U1SiO . With θ~θ+ 2 Tπ .
一

磊
*

When you gongto
Eaclidean. Signatume1 …

Mink =Rndler = IR
.

.
!

⇒ Euclidean obserbles ane ideaticle.
一

for Mmk : backto Loreatzian.

② Euclidean functions s Corre lation funceibn in Mink
→

①② For Rmdler s correlation fuastion in Mink Vacchum

But for observables resericted

Back toLorentzian : to Rindler patch .

Hrndler : I LLPRZYPrisfcX> 0,T-0)
∞

Right Restrict toRraller parech.

Hamiltonian : HR .

s spectrum is InIR
.

lobp called Rndler Vacuun .

Warnng . HRis Lorertzian
,

quartized by n . noe by periodic
θ~θ+2E .

Hmink. =EL [ Px )] } . Hu , 1 n>m .
10'm .

Ψ
。
[ b (x)] =<p (x ) 102m:=Ψ。 [ b= (x) , φR (x)]

b.↓ ) ,Ψ k(x )⇒ Hunk=
H@@代贷

① t 0 fell usfHr wl fHm both have the same UL . but
for
kndler sheld be Recericted to br ed



β(x, tE =0) =φ(x) 坘
Ψ。 [1 (x ) } = {Dl(tE , x) eSE

士E<O

((0= 0, e) = 1R(x)
- Spolkop )
esr$'rrissisferors

①10= -π ,p )=φ< (x)
O as time

=<φk (x) , θ= -≈|φc (x), θ= 0)

=<bklei (
- i

型 HR ( Ψ<)
imginany time evwlutibn .

= 言 e
~Xn [bk了如

*
[K]

Xn [ b] :=< 中 In >REHR
.

Xn
*
[ p ] E TR ,

Hr with opposite dinection .

一fullwithparticlesc

deloc
0>m : E 1

uMandogIisimtrace our Lefe Rnelles

Tr( 10) w( o 1 ) :Prad=kE
2xHk

=?
β =2π .

(associewith y)



(R) )
① lo
'

m isinvarianeunderHe - HR
σ

come from befe patch running in op posise dinection

Invariant means
,- in(

H)-HR)]
e

τ
10>
m
= 10?

m

as generator. 11 s - yinopposiedirectio

Geometrically , y translation is a boose in

X
,T )Minkowskioordinote , so Hr generator

a boost ⇒ Lo7
m
is invariane under booses

tips : Recall X = f coshy TEPsinhy sonroytby
means boost in X ,T . y istheRipdiey .

② If we expand dr in terms of a
complete set of Modes in Righe patch :

R

1k = ;uj+aj
+

uj
*

)
, aj 1 o>p=0

similarly de thisonPu.

10>µ= 靠… 第 exp ( e
πw; ajkajt) 10>k@ l 0>c

Usually Minkowskicreation and annihilation are
relaled to jrandaju byBogoliabovtransformation.
just as the harmonic oscilloyor example .

( see

curved spacetime QFT textbook )



③ Allthe discassion generalizes in complete
parallel to schwar z child spacetine

γ= 0
woow

∠
F IOSHlt is the Eneangled state

x←
r R beeween I and R

.r →∞

roowm
γ= 0

④ BlH formed by gravitational collopse only
hare Rand Fregions. Youdon' ehaveLeferegion ! ,
lete patch is the KaluzaExtension Mathematically

.

se thispachdoesu'st work .

so we need a differentexplainationforTBtH
of

'

rea ,
" Balack Hole . localobserver can

not feel difference between Ltr and R alone so

We can usethisMhethed to explain temperature
observed by local observer .

Further Example : Kerr - Newman BH .

Generally ,
Spherical Bymetrice :

dst = - fir)dt
'
+ ijdr'+ - .

Horizon : v = rof (r0) = h (r0 ) = 0



near Horizon
2

introduce dp = hin,se ( r)--—Fro …π(ro)
f (r)= f

"
(r0) (r- z0) +… } p

2h
"
(r.)5 '(r0

the nearHorizon geometry is Rindler e Minkp. trs -ic
s ds

:

prrostirsdrjedpe . …Itwill be revisitedCater

like me didbefore , compare this metric to defxprdor
do=dτ

,
O~θtrz→τ~τ+ootr,

periodic in spae time means finit temperature QFT.

不州
Apply thisformulaetoKerr metric !

ds~= -登dt=+ 哥 s,nz θ (dd -ωdej
2

+号 dr>+ prd θ
r

Whene : pr = r
'
+ arcos θ

r

, σ=γ^+ a
2
+Q

2
- 2Mr , a三岳

Ʃ = γ(a
)
㎡ -
a
2 os㎡ 0

,
ω= 号 (r+ a≤0)

GN : = 1 .

+woHorizon : FI =MIEa2- Q2
,
We now only cousiderr

temperatune : TH =
z (^+

等
louter) Horiizon Area : A = 42( re

^
4 ar) attention

,

the induced

metric is γ=最 sdps +
p
' dos,

A

= SdoddiJ.Youmaybe naive
think A = 4ar 2 .ThisisNoTthesphericalcoordinate



Angularrelociey :
r:dldsidr

- do: 0
=ω (r+) =晉

re >0 sM 22 artQ 2ifthe inequalicy is saxurated
two horizons are merging to each other .

r+ = γ. = M

We calltheBHasextremal Bl
AT = O

,
S = 4 =

π( u
'

ta
)

≠ 0( entropywill be
introduced in nextsection) .Now cousider its near

horiton geometry -
Consider a simpler case . a=0, roFM= Q

dsr
=
-^der+ ) 0dx2 +

r
=(do<+sm>θ d

^

)

二音d τ=+ 發 dg ~+ Q ^ Yd θ^+sn^θdp )+ … .

一√
Adsc × sc

where r-Q : = 入 s
,
x : =λt

.
X 00

so for extremal BH
,
the near horizon geometry is

Adszxs
,

not Rndaxs
e

Munk axst -Whichwediscussed

for schwarchildBlH.



Black Hole Thermodynamics
B 1-1 Not only has temperature ,

it also . obey

thermody
namics .

TBH= 裝Gom s is juse

: 底)=8 (E= m) a defination

=⇒ S(E)
=42=怀 Gr=GABm

a [ now.

MT → TBH ⇒ CBH = 薪 Co

Interlude:GeneralBlackHole

No hair theonem : a staxion
ary . Asymptotically

Flat Black Hole is fully chacterized by Ies
mass , angular momentum and conserved gauge
charges ce . g . electric charge in strry theoryR -12charge

Star scollapseBtHAllfeartmes of star will be lost

Four laws of Bit mechanics
Oth law : surface gravixy k is constant over

the horizon



&
Tds

Ise law : AM : GndAtndJ + adQ
一 λ ↑

angular frequency eleetrical potential
(gauge)

2nd law:horizon area never decreases

DS ≥0

brd law: surfacegravityk cannoe be reduced

to zero in a finite number of procedunes
1^> 0

These lawsandthe formulaeofTBty and SBy
ane not only for schwarchild Hole . bue also every
BHs

,
and they can be deduced by classical GR .

Histerically , before Hanking' sdisconery of Black tHole
radiation

.

Bekenstein think . the thermoly namics
is more tundmental , so HegassBly should be

a ther modynamiss objece and prooved if
SBH X A, than OStot20

,
Stot =Spitt Smatter

so When you
throw an objece ahto By, the

total entropy will not decreasebecauseBIH is

a thermody namic object and has entropy . Hawking
Radiation pronethat BH is Realy a thermodynamic object .



Example : Kerr-NewmanBHdoesobey these 3 laws
.

i7Fewpagesago ,wefoundexpressiousfor A
,

r
. sandT

now
,
used a

,
du
,
da to express their differential .

ds=
(r+-凹 (redUtada + Hn (udu- ada - θdQ) )

dg = adu+ uda

It' s Straight forwand to obtain : Ise law

TdstEdQ + rdJ = 答 (r+ a ^) dm = du

2) the proof of 2nd and3 rdlawneed More fechnical steps, I

willnotshowithere ,butWecanimage asimplercase t

explain the 3rd law . considerKN -BHwithJ= 0
,
M>Q ,

we

Can put in parxicle with charge-massratio哥 31 to make

Q to be more closed to M , ine . ,Tx
0
.

Inorder for a charged
particde to be able to fall into the BlH , Coulomb Force should

less than Gravitational Forse
,
so IQ≤Mm :

Assune We
ICMEermcloseto extmemality to beg in with and

expand r near s

nexestepw
=θtm =品世. = I - ( 1 -号)) + …

⇒

For any ☆ 1
,
cs ,weobtain,alsolessthant.

so We can not cool the Blt by finite steps ( 3rd (aw)



DDoes BH entropy have a statictical interpretation?

so BlH should have miicro stapes
ABH

N ves = enar

2) In for matton less paradox ! During Haw king Radiation
Informat ion lost . because radiation is information - free

Holographic principle .

consider isolated system in AFS I Asymptotic
Flat spacetime) With mass E and entropy so

.

A : are a of the sphere that eaclosed the system
MA : massof theBlH with horizon area A .

⇒ E ≤ MA
,

because
.

the
system don 't

collapse to a black hole yet
Add MA - EamoueofEnergytothesytem
keeping A fixed! Then we creat a Black Hole
so SBH ≥So rs (and law )

E Eneropy of added

energy .



⇒So ≤SBH=a
N

⇒ Maxiual Enew py inside a regioa bounded by
area A is given by :

S ≤ 蛋Gv

Von . Nenenan Entrwpy :
S= - Trelu ?.

For finit N -dimensinal Hilbert space .

Smax = logN .
(e =÷ 2 )

⇒ loy
N
≤☆av → N ≤exp(av)

N is the effectivedimensionofthe system .

even for harmonical oscillator , dimff=

butfora syseem
withfinie number of degrces

of freedom ,Below some evengy scole
. the

Heff is alaway , fomitedimension
Iu ty pical , physicalaysten

# of dro . f .

n log Next
≤ 飛Gv



But # of dio. f ispropertiondtotheVoluone .

not Anea ! so this bound is certainly violated
in gravitatitnalsgstems.
Because Only with graviey . thingswill
collapse . to a black hole . so we cant

creat a huge mass in a fixed Area.

Quantum Graviey leads to a thuge reduction of
# ofd

.
0
. f .

so in quantum graviy ,

a region of boundary
area A Can be fully described by # do o.f .

no more than :

#
. d

. 0 . f ≤ 房ar = e.
This is the Holographiic principle . ie tells you
that in Guantumgravity,nformasitnis encoded on
the surface not in the volume .

Large N matrix theories .

consider SUCN) Yy theozy
大二 TFa04 Fuv



Fav = 2µAr - 2 r Au - [ Au , AvJ

Au : AiM Ta .Tat suN ) .

a Matrix
.

take N → x limit , do 元 expansion .

sulx) svednicki
sering Theory d

consider more simpler scalay matrix field therwry

支二一和的[达巨2^五 + 公巨
4]

P ( x) = pab (x) , @ b )
*
: = 巨的 a ε ucN)

UCN ) is the global symnetry. hedon' eindroduce

gange fueld to make it local.

Feynman Rules : Doubline netation .

→ up to low

台≈ca之 :

s ' a8
的绿碌 chelices

h

》营 =g δ b
δ

de
8

g9
8
.
"
~ gs

d

Vacuum energy .



eplanar anon- planar .

㉗ every eop
⇒ThaceMatn. x88

x
∞。

⑪
↓

Nsgz ⑪

≠ Ngz
me omitt the momenta ineegrals
You can alwarys draw non -planar diagram on a geaus
g surface without Crossing .

Assume Wehavedome .

Greneral formulae .
一

power of N : # of faces

⇒ For Vacuum diagram : g
<E-v

1 .飛
Amp ~) E . 2

)
0NF

~ gz (≈
-V -F)

. g
2F

. NF L = E-V4

~ gzx 1 the # of

磊父 Fepngant " ..imig"

nr.



Each diagram can be considered as the partition
of the surface into polygons

partitionmmipme 一㉗…

争
在

As before meknow . this to diagram is dfferert
for hon - AbetianGageTheory

That ' s Why X = F +V - E = 2- g

、

su (x) =……

心 ' IJ…

recall
Z = eiw
↓

N →countingthe
N 2

l # of Loops
logz 0 = N

= ( Co + C . λ+ (zλ
'

+ … ) plaanaz
Λ

7 + No ( … … | )-… non-planon

expand by Topology ! Actually
.
this series is comvengent .

Wis the summand of all not just am asymptotic expansion .

comected diagrams . Z = Spweis . is the Vacaum Energy , Only
connected dia grans have no- trivial contribution for 1sz formulae .



Altrough we usef 4theory to bethe example .But actuolly
for any Lagrangian of matrix valued fields :

£= 攻τr ! … … )
∞

⇒ loyt = Ʃ N2
-2g fg (x ) topologia

g=

orveritable surface?because ←

,SUIN )why一
hermitian matrix

,
lower and up uindicescoreindifferent

foots . so ifweConsider SOIN) , We need to use

norveatablesurface to describeits t ' lHoftlimit.

observerblesin gangetheory airemore limited
, operator

don' e must heed to preserve global symmetry .

but they
must heed to invariant under gaagesymmetry. so the

observables are :

Tr2
), TrFUVFur,

-

… (singletrace .

On )

so malti - trace operator Caa be denoted by
:O. O2: , :O , O . O 3 : ,

… such as

Tr (z
'

) Tr ( FUFar ) … …

As befre , we Want to expand 2 O
,
O
.
.Dn

> by
N. notonly saxisfied by CO ?

e

- logz .



Consider E [ J
.
… In} = SPADPexp [iso+ i/Ji(x)0:(x)]

is the generator .

< o .
… On>

c
=
i的cx)…8Jn(xnylogz

☆ missingpare in textbooks eiseff
Trick Z 's fotDpexpliso+

CO
.
… Oubc = Iin8

ixi- i 8ulxn)o
became So ~ NTrE. 3 IoSeffrNTraJ

↑
⇒logZ [ T.… J} : 录≈gfg(λ) Vacuuom - like .

→ Co
.
… On><~wingn "fu

"

wo-n ( itOCri ))
σ π

plamar nou -planar

Physiss interpretation .

< O: Oj 7c ~ OCI
)dinxgomalize <O: Oj>~ bij diagonalized

< O :,θ< :) 。 ~ O ({)→→× 0 ]0aw ) 0wick .

< : ① . O2 . : O , 02 : ) =< : O ,
O
2 : : ①. O2 : >c

onneceed and ^
discouneceed +<O

.
O
, 7 <0207cc

so WecaninterpretOilosas a single particle
In QeDwecall :0 iOj :losas a2 -particl
them glueball states : 0 . … On : le) as a n - particle



flactuatioas of" gloe balls
"

sapprissed -

'
mppoce soisto

G

0
i=
( O 's - ( o ?=< o? >

c
~ O (N0)

But COi) ~ OCN
'

) ( cOi> c = cois)
so ~ i →0

cois
rocvs) NOCN

0 )

and <O , O2) : <O .><O) +<O, 027c
N-> 0

~><O,><O 2>

so in large N limit there is no Quautum flucesation .

It
'

s

just a classical thewry

外 fum

M: n Co .xin-:Oncxn)
as

"

scatterny amplindes "ofn
“出 "

glue balls ,
then to heading onder

i
'

n N→ x .

the Scattrings are classical
.

Meannys only involve tnee lever scatterings
like BCtw , We Can usethree vereextoobtaime

tree -diag rams .
「 πr 3- vertex coup ling On staut

"

⑪ ⇒ is Yo
.

than An
.

involves

g ∴ nasuch 3-vertices , =⇒AnvwIn



this is exacelywehaveobeained before .

you cam also include higher order vertices like

X ~ Ns
,
大 ~~

3
.

But include them doesn' t change the large -w Conclusiom
.

because they Can be degenerate to 3-vertex
.

P ~ Do☆ ~ v
'n
"
n v

-r

大n Xor ~ is-v
'

~ w

- s

so the underlying is that 1 Q
.
…Ous vN

2-n

About ihter mediatestates : ToleadingorderinN .

in any Cornelation fuictions . there aune only .
One- particle

intermediate state .

~
OL()

~
0 (v)

e . g . < O , O201) =☆<0, 0 i) < oiOn 0s >
+

系 < O .
: 0: 0;

: ) < : 0 : 0
;
: 0203)

√
τ

… … O(N
"

) Olv
-2)

⇒ Leading order O (i ) ← one -pantiale in determediate

state
'

s Contribution
.

so
, acteally , it is the collary) :

“
Y

, : Y'
;

+
- … ofarg eop diagronsore

. 1 suppresed



All in all . sulx) is a Classical theory at leading
i - order . A classical theory of glue- balls .

gauge theory :
glue ball theory

N→x , thno ( i) 5 → 0

Large N expansions semi - classical expancion tu元

Gaugelstring Duality .

QET : Word line formalism , the firse Qautization approaa ,
一

-→ Spxm eisportics, Sporticde a mlde

成 givesyous the interactions .

need to add by hand

A
ps : second Quantizationapproach.wedon'e quantize the

quantummotionxucel ,butdenote them as porameters of Quantum

field . eg .

An ( x ) .

Strng : GeneralizationofthisfirceQuantization approach

Strny Ifa d Auorld- sheet (Nambu- Goto)

x



*

evacuum enengy Σesrg.
consider closed string
laterWe will onsider

Zstring ≥

all closeal Euclidean signhycure
open string

zd Surfaces

= 点 exx Ʃ esra gsize
λ

surface

T
with gemus th .

Weightfordifferenetopology.
… … - ^√ t ~

… …

O ( gs
2 ) O ( gs

0

) Ocgss )

summing over topology automatically includes interactions

of strings , We dou'e need te add by hand .

Basic string vertices (pants decomposition)

o“ n
Po

- g ,
"

n
e '

t :
string onpling

0

Now include external strings .

X = 2-rh * b
,

b is the I of boundaries .Cexternal strings)
ch了Atring = ☆

o

gsueih Fa一

n

identical Mathematical structure with large Nexpansion



e
入
2gs ←

丄
N

external serings sghe-ball single -trace operators
sum over morld-sheet topology' ssumoverdouble-lineFeynmandiayra

一

fu
' h)
:
Ʃ A = 2 A

all feyman- dilagrams
sumoverall

wich genus h possible triangulations
of a surface

Ʃ A π
Ʃ all 2d surfaces can be triangulized.

sum over all

zd surfareswit
the key is

'

Fegnman diagram is a partition
genush of 2 d surface

'

"whatwe said

Geometric piceune I/ before
.

Fnth ) = Ʃ SpxeSwa Canbegaunge fixing to Spx 8ig-g'
Sum over all byF-pghost .

~
2d sunfaes with √

genush "JD gab /diffawey1
All the above luestell us the large N gaage

theory is the string theory , glue -ball states hehave

like string seates . single - trace opera tor as vertex operator
But how to connect Feyman diagram amplitudes with

eSstring.?Which typeofstringtheorydoesiecorrespond to



Becanse string theory is a continuum theory .

But

lange N theoryis related to eriangularatronsofsurfeces.
so it

'

s a discret theory , so we expese the Geometric

picture of Gonlymanifeseinstrongcoupling limit , ine .

入sx orcousiderFeynmen diagrams with manyVertice
recall Aru o g2

" vx

回。

死 ontinunn弗0-̂ >xneansdiagrem

discret WirthsomanyLoops (vertices
dominant

Actually , for large N theory of Random Matrix

Theory (Quantum Mechanics versionofYutheory ) .
one could go prettyfar in relating them to some

lo w - dimensional String theory .
Chep- th/ 9 108019)

Generalization with quarks .

domble-lime

Nbigetingane N 0∞
Vacuum Feyuman diagramis

心

corresponding to 2d surfaces

Withboudary
ik

quark loops

pings
string theory include both openstring and closed sering



Generalizations of gange groups .

gange group inlarge N chan- paton in string Theory
SOlN

)
,SpCN ) ⇒unoriented . string theory

Qop doesu' tincludegravity ,
but string theorg does .

so if me want to connect a non- graviey theory to a

gravity theory weneed touseholographicprinciple

gravityMemins
grurity
sroreay

tiund raprithome

Δ
s
LargeN limit

To make a consistent stringtheoryinDt 0 , 26 , we need
to discardtheWey 1 gange symmetry .

Then We don'e

need D=10 ,20 to cancel the weyl Cak . a . conformal )

anomaly .
This is realized by Liouvillestringheory

Now , supposeweconsider CFT ,
not juse Qop then

ings
Lange N CET in Minkd string theory in AdSdey

Why Ads ? string theory should also conserve the d dim .



poincane symetry .
so Minkdshouldbe asubmanifold

dsr = acz)
^

(dz
=

t Yardxudx0)
CEThasscaleinvariance :xuin xxeu

deldimstringshouldalsopreserve it, Soaxz) ~ jaz)
=⇒ acz㎡= 2

dsc = 答 (dz^+ Muvdxadx
~)

this space - time is Ad Sder .

chronicle
Nov
Maldacena)

wlilson ) It'Hoofe ,susskind )(polchinskis fAas
KFT

lattice QCD Holographic prinsiple D-brane 1997 1998
¢ 1 connectiom between

>

1974 1993( 4) 1995 June
'

need 5d gaaugelstring duality

string theong to
and Holographicprinciple

describe QCx (Witten )
(polya kor)



string and D - brane
Z = {DrabDXueisp[

r , x) ( liffimey, has been omitied)

I wedon't fix gange now

Sp[r , x] ==2/d8 的 γ
ab
(

e
.0 )2axab/ gar (x )

string theory can be considereda 2 ed
'

"graviey
"

coupled to
↑

D free scalar fields om the wonldsheet

consides gur = huv .

ive the beekground is Minkp .
symmetry : global : poincarre ( target space times

(first class) gauge : diff aweyl ( world sheet spacesimed
⇒ another term onsistentWiththese symmetry

入 : =<p ) ascalarSeuler =Sdetoted derivative
But
' total derivative" is a localdescriptitnactually

i" thasglobaltopologicaleffece
In 2 D : X =π Sd

^

eNZR = 2 -2. genus.
一入X

In Euclidean path integral . fsealer = e

String spectrum .

Light - cone Quantization
We willusetheConstrachestofixgauge first , and then

quantization



γ
b
= 0 ⇒ Tab = 2ax^ 2bXu - Ʃγazγcdacx^∂dxu = 0

8s ⇒ aa (iδγabayxu) = 0一

5xm
= 0

boundary conditionforopensering
ob

5x^γ 25 Xu |o= 0 . z = 0
Dirichlee : SxM 1 o=0

, n
= 0

Nenman : 2oXulo: 0 ,n = 0
Fix diffxweylgangesymmetry .Using

isothermal

coordincte:rab 7 ab
E- 0 . m ofxmbecomes : aexu- ae xa=0
… … Jab becomes : To = T=Ʃlaex +2x)

2} =0
Virasoro Constraines → T01 = T. 0=∂ex

. 20x =0

boundary condition : robabyeu =0 rexr =0
solution of e.o.mi Cignonethevirasoroconserahes

X µ ( 6, r ) = X ^+ U^τ+ xR ^(τ -0 ) +X
µ ( et 0)

closed string .
XL

.

Xr are independent function
,

open string : Xi (+ ) = Xk ' ( τ )
,
X
< (τ - h) =Xn'(τ-

(NeumanJ
⇒XL = XR is periodic in 2π

After fix rabMab ,
there are stillotherresidu

gauge freedom .Iatoduce f
5

:=: (et0)



worldsheetMetric idgt =-drtdfr- 2dotdf , this

metric is preserved by : ot → ft (ot ) - diff
-weyl

dsr→ dsr = -2f
*
"(et )

f " (6 -) detd6
-

dssweylds . so ie ' s comformal invariaat .
Under this transformation

e:fize
) +gete

obviously
2

'
e

: 0
,
has the same form as the

classical solution of Xu .

so we can choose

τ= 去 ,
x
士
: = 學

~

)
U

if a
'
et0 we Can not do that

,
but it is

.

to fix the gange , which called light- cone gange
virasoro constraibes become :

2δ 2 τ x
-

= (exi ) ^+ ( 2 .xiz i ≠ 0
,
1

0
+ 2ex = 2 = xi 2zX

<

sox
-

can be fully solved in terms of xico, e)
As we said before xe is fully fixed by xe = uta
so the independent yu are xiWecut off
2 d
. o - f, weonlyneedto consider D-2 free

Xt =pte has no oscillating terms, Only a zero mode .



Scalay fields
,
and because ax0 jhaswrongkinematic

term sign , naively me think this systemwillbeunstable.

but now wecanomit X 0byusing constraines and

gauge fixing . Then ligh- cone gaugeoparely)
solve the

problem of unitary atquantumlevel .But in lighe .
- cone gange . Lorentz syrmeir is not manifest , remaining
SO (x- 2) symmetry .

mode exparsion .

x.
^
(e+τ ) = i基貨ein ( ite)

2
n

"
= iin

X报 (τ -σ ) =[ 禁元率 einc τ e ) an =
.n

for open string ,anl -Di , Lefe and righe mode ane
not independent . center of Mass motibn of the

string is given by the zero mode :
认

Xu + 0 µe = ☆ Jodex µ ( e, τ )
Using 2 0'aex - -xigp +2X

i)
p
and 0+a0x=2exizaxi

to solve the modeofX ;
o

. an and an

For closed string :



2↓ σ = U .

+
2 ^

t (
t

-im2 imt 2- mt 的

nani =otiI' nClevelmatchingondition)

for open string :

2δ√- = U =+ 22品。
α

的2公
and no level matching con dition .

Translation syhrme try Noether current jal
: ra"2 a Xu

⇒pe
- frdojee is the conserve Curnent

,
momentum

0

For openstring : UlM :22pen
2p
+
p
-

- Pir = 凯者
。

α的2
…

-p
2
= M

2

⇒Mopen = 20αna的
For losed string : ue

:
tMpee

=7 MPosed- - t [tinam+ 2 -m2n ]
Now

, quantize xi lie . xi ) ,
the Canonical world

sheet Momentum densiey is Tij 'e RIl texi
, impose

canonical quantization Condition

[ xi ( b
,
π) , xice ", τ) ]= 0

, [ π
"(

a,τ )
,
π i (8, τ}=

[ Xi( b, τ)
,

π

i ( b,τ>] = i δ i
5δ ( 8-z ")



⇒ xi , pi 了 = igis ,
[ami ,a ] = [2m

"
,I }= mgism,n

1

creation operantor
:

Im
and } m>o

aunihilation operator : jm 2im
Spectrum :

N Vacaum
2mlo ,ps:tini lo , p) = 0 for all iom .

N > 0 excited states
一

z
a
.

"
'

m

. 2 -
m

. - 2 in
,

2 .in
:

-

… 1 o
, p>

Copenstring only a -n )
Oscillator number: 2 - im ti: mNn'

i

,
no summation

.

Mass -shellcouditions .

Mopen = i 品
"

司 mNmi + a。
Go is the summatitn ofzeropoimt energy of oscillators .
it comes from m , an]t 0 , eachoscillator Contributes
W,wis the frequencyIn present , wem

.

so :

a 。 = 买点司立 m

For closed string :



U
'ccoced =

:

点点 (mNnitmNn ) + a。
Right

, ℃ ↓

a 0 “ 交宣前 (
注

* 。) 以,

Riemann - Eeta Regularization , } ( - 1) = - 的
=⇒ Gopen = - 成 ,

acose = - 2岁,

open string spectrum .

T
. Tachyon : 10 , pu > , M㎡= -昆到

Vetu ceor Bosons:ti 10 , pa >
,
M
2 = il 1 -4 )

In light-cone gauge ,
Lorenz Symmetry is hidden . To

recover it , SOsp- 2) Vector Bosons should be massless

D= 26

Other wise
,
the lorenz symmetry willbe lostinguantumleve

Higher excitarions : all massive , With spacing by 省 :

i ∴

a1α 1 lo, pes ,
a-i 10 ,prs raggelope

closed string spectrum
τ

Tachyon : 10 , p
^
)
,
^= - *π 2

gmr ∅ Buz
GravitonDilaton⑤ B - field: ai til0 ,pes

,
M

'
:226

.2

Again , closed string Can only live in D=26 likes open string .

Higher medesare all Massive .



EFT :

岁
{

d “×^ge =①
[
R-4 ( 2d )P+πH) , Huvx=2Brx,LEE

Einstein Gravity :M 4 XGv .MY ags=⇒Grags
But this theory is non - renormalizable

,
In string

theory ,

allloopdiagrams are finite .

(E) pis moduliprameter→ SLEE ~ 较e
2ER → gs = e

Enery thing is in some sense
,
determined !

↑
Moduli stabilization problem

superstring (world sheet suse .

RNs formalism)

Ssuper - 22iSd
=
o (2aX" 2axu + itra2a4)

one loop unitary s Gso projection ) Quantization without tychon
type I A : huv Buv , d , Am , Curt t fermions
IB : … …

, 4 , Car , Cuuyp tfermious
R-R forms and their difference in AlB theory ane

very important for diss cusion on p-brame

Strength of open string interaction .

gs ~g
.



D - brane

D is for Dirichlee boundarg condition.
For Dirichlet BC :

煕 end points of open string should

on D - brans

So (9
,

1) X 1R
9
,

1

Symmetries are broken down by D - brane

十

Slg, i ) XiRa, 1→ RPXSOTCI , P) XSOCP-- P
)

pp branes should be considenedasnon-perterbative

topological defect in string theory .
Note : Xo cannot have Dirichlet Be . Bue for

Euclidean spacetime,Wecaneven impose
Dirichlet BC on X

0

.
We obtain D - 1 brane

string can also end on 的Λ 1p-brans with different bdimentions

open string spectrum on pp- brans .

µ= ( α , a ) α= 0 ,
.

… P ( N ) ,
a =

p +
l
,
…

,
D- 1 ( p)



asbefore : XX ( 6 , τ ) =
x
2 +22

p
α c +0i

”

品sne
For the Dirichlet Be the most general solution iB :
X

^
(0 , τ ) =xa +2αpae +Xq(τ-σ) +X( e+ e)

Using theBc : xa ( 0, e ) = Xa (1, τ ) = ba
⇒ x

^

(6 , τ ) =
b

^+ oeinesnno
The only difference between Nand DBe is that

pa = 0 , but the mass stel condition anchange .

excitation states arestill :

α
-
µ

,
α%
.

… 2-n
"

| 0 ; pa) U2: 文 ,(N - 1)+ 成至 (
b
,a
-bi

,

☆ But they are particles in p)
-dimension al . world
一

volume of D-branes , and fall into represents of
sot ( ip)(
—

— x
+
P ) ×s 0 (p -

p- )

In light conegange , 2
= t , - -

i
,

the massless

States are

α i( 0 , p α
)

,
α ,
010

, pa )
Respect to world volume poincare gromp, the

former is vector field ,

the latter is scalar field

And twoendpoinesofstringshould end on Same D-brane

→M㎡= 0 ∠
㎥ 誉 µ^ t 0—

—出 . Ʃ



d
. o . f of scalar fields = transverse dinections

.

They can be interpreted as flactuations of the p-brane
in transverse directions Ccollective coondinates )
八 XP+

1 八 XP+
1

a 1
>

→φ
P
*(
x……xP)

1
>

~

X
0
,… …P . X

0
. ,… …p .

curved p - brane means non- trivial Scalar field
excitations

. so at world volume level .

having f excitation modifies the Dirichlet B - c .
so D-brane should be consider as a fundamental

object in string theory , nos juse as a rigid B - c -

This can also be seen by low energy EFT .

(chern-simons term should be added)
一

SBI -p/dP*×做β+22' Faβ1 , Gaβ=αxxu αβ x
^

gar
xa = b

9
+ pa ⇒ SLEE = -Tp/dP* ×( H本Fαβ

F+金a2α巨.)
巨
a
= Ea(+)

⇒ ScE~ - {deMop ( 1+Ʃ 或a+. )
,
µpp

: = TpVp
so pa can be inter preted as center of mass position of

o-brane When there is no fluctuation .

P-bran has life !



Tension of a D- brane

marsof ap-hrone =

pentufringenereiring orie B
Upp = Tp UP : Evacuum

= Ʃ Wacuum diag ram of open strings .

= Ʃ all 2 -dim surfaces wich at least one

boundaries ,
but no external open strings

= 1/111 + "" ← …

disk anulus

NOTE : There is no vertex operator on the bondaries

For weak coupling gssal

1

Tp = gs (2z)P ( 2)(1)/2

Which can be derived from eypeIAITduality B
The leading in teraction between

+WO D-brane
,
associate to

Graviton and dilaton .哥bbylihs
tepotgyginssiorder me To



comes from D -brane mass
;
so the gravitational force

between two p-branes ~ GNTp
,

Wesaidbefore

Arngss ,
so this diagram eellsesTpoL the

proporeional coefficient is derived by usingstringdualiey.
Afternatively . You can also consider the cy sinder as an

open string diagram Gravrty
Tree leve in closed string

魁 。 "

÷
I-loop lemel in open string

channel Duality .

Gauge Theory

Remark :

Wihy modes describing motions of p-branes appear
as mass less modes ?
A : D-brans break the translation symmetry , f

9
is

the Gold stone bosons which are massless
.

Multiple coincidental D-branes .

there are 4 type open string ending on D-brans

1→ 2
. 1 -

1
.2 → 1
,2 -fTheyhareindentical excitations



14
,
IJ ) I . J = 1

,
2

.

sowe get 4 copies of

massless spectrum .

Each open string excitation

becomes a 2x 2 matrix
,
e.g . Ax )

±

J
,
(aP ;

It can be gene ralized immediately to n branes
serings should interact by joining the ir ends .

」
a

一 T恐 「 沿 TI
工

卫
c

平
J← ~

丁 一

Symmetry Enhancement : ULDT- XU ( 1 )→ UCN )

on the world sheet OIu) is a global symmetry , but in

spacetime , it
'
s a gange symmetry ,A) ts muse be

the correspondinggaugebosons .Andthe low energy
EFT is Yang - Mills- scalar theory ,

Syus = -giSdP*xTr 率Fαβ
Fαβ - 会Pad +[

ψ

9 ,pb
}}

FaB =αAβ - 2 βA α - [Ax , AB] , Dap" aab - i [Aa
, 40]

gin
:

gs'
2'
:

" -
op
,whereop is anumericalcoefficient



Recallthatwhenweconsider excitation between two sepparatly
D-branes

, Ar and fa will not be massless

M ~ ☆a. ~ d Tpp
d is the distanse between 17-branes

.
Massless to

massive modes means that gange symmetry s . B .

by separating D- bhanes .

Details about the HiggsmechanismofseparatingD -branes ?

We willonlyconsiderUs → ULxUc )here , any
further details can be found in Ewiebash $ 14 .3 or

polchinski Vo 1
.
I S 8 .

The effective low energy Yus lagrangian is
£= Tr ( - 年Fαβ F

×β
- Ʃ DudD

µ0 )

where Au=AI + An 0i ) ,Dub = 2nφ - i [Au , 4]

Now study the spectrum in the Higgs phase where the
scalar 1 has expectation value mass

calculated
% = (占 8 ) ,

0 = ade bystring
⇒ ( Dub0 ) ( Dud 0 )== (

A

(P +A( )) ,

theory .

Thus two of the gauge fields have received mass o
.

Then U ( 2) breaks down to U() × U < 1 ) .



D-brane in superstring
SUsY excludes eachy on from spectrum and p-brane will

Carry R-R charges , so they are stable objese .

(3 )

type IA :
(d , Cure

ty pe # B : X ,C 品,Cpx
← self-dul

p -form can couple with p
-dim world voleme which

can be swepe by Dp -y branes .soDp brane

can couple with Copt' )and the gange symmetry on

cept ) tells us Dp branes carry Conserved R
-R charge

Additionally , You can generalize Magnetic charge in
EM to R-R fields . so each R-R

"

electrical
"

charge
corresponds to its magnetical dual magnetic charge .

d δca-n-2 ) = * d (
(n )

so CIhs can also magnetically couple with p- n -s brane
electric magnetic

IA Cie
)

DO D 6 soX will mot be cosidered

( 3) D - instatonn

Cuve D 2 D4 ↓

IB C品 D 1 CD-string) D5 x D -1
DT
↑

D3 D3 give rise to a def icit angleCpt -self-duals in the geometry ,



On these stable branes
,
seu theory lives on

pereicularly , N= 4 De4 skM lives on D3 brane

D-branes as spacetime geometries

consider eig . a charged partidesittingat r = o of 4d

spacetime ,
the Largrangian ,

£=GR- 年 FurFuv
EOM :

a
µFµv = j0

, Rur - 立 guvR = 82 G4mv
5
=

{ 8 ( σ ). T ^
0
= T台 + T品

where the partisle Energy-MomentumtensorisTpfmscrs
other components are O.

These formulas tellyouhow achargedparticle

deforms the spacexime background .

⇒ A0 : r ( ie . Ss2*F
,

=q) ds
㎡

: -ode>+ 0
+
dr>+ r =drz

Where
,
O = 1-

2+ )
,' t

'sReissner- Nordstro'm solution

similarly ,
for magnetic charged partide. SsrF : g. Dirac

Quantization tells us q.g = 27 4 . The solution of Einstein
Field Eg is RN solution again .

Now , generalize from this Do example to pp brane .s



e . g . D 3 brane in type IB , but we willconsider the

low energy EFT
-

type IB supergravity
16π GN = 以pgsα .14

regime of validity :
① gstal , guantam corrections for classical gravity is small

0 energy sale
2

s ai ,Massivemodescanbe ignoned
③ Carvature sIi , string can be

-

approximated by poine particle
「

α _→0
,

⑨ s→ 0

D3 branes carng both electric and magnepic charges .
5) self-dual Ss5F

(5)
= 9 sE3=SS * F →

q
, gz = 2π x =⇒ 9z = 93 = 2πZ
For ND 3 - branes . 93 = 93 - aN and the tension

of P3 is

后 = pgs如 =磊
mass - charge equivalence ,

so D3-brane considered here

is Bps state
,
Which is supersymmetric objece .

solve the Eous as before :

ds 品 f(r )( -dt + 点dxi ) +hcy(
)

一

So( 13) a 1R4

There is an event horizon at r =0



fcr) >) : H
气
(r)
,
H (r) = 14毙 ,

R4= N·☆GNT3 = 4hNg,α
This spacetime is Assymptotic Flaten . As r >> R

5 ~ 1 + O (
)this is long-range coulomb poteatial

in 1R
6
.As ro2 , deformation of spacetime metric from

D 3 - branes becomesignificant .D3-branes are located

at r=0
,
near this origin :

ds ≈ 管 (θt'+* ^) +(dr +r^dr)
= 管 (- θt

'

+ * } + R
=

dr^+ R2drs
一一

AdS5 × s
5

Therefore we have two descriptionsofp 3- branes
( A) From Dirichlee B

. C , of open stringss
sourced by D3

(B) spacetime metric asps and F5 Flux on s
5

.

In
一

this description we don' e need open string , Only closed

strings live on .

Minkio These two descriptions should

IR
6
∂

be equivalent . In 1997
,
Maldacena

jar considered a speciallimitofthisequralentteax;n
: 0

: the low energy limit and ie
'
s

Kown nowadays as the AdS/CFT
Duality .



I Energy
scale

LOW Energy Limit : Fix E
,
take 2'→ 0 or vise versa

Whatever you think the key is E22
'
-→ 0

.

A) open string 5 N: 4 SYM UCGgange symmetry
gym= 47 gs ( of brames

closed string ⇒ gravicon , dilaton , …

At low energy , open strings decouple from closed string
even closed tsring them selves ( graritaty is soweak ) , so

the effective theoryis N
= 4 5yM and free gravitons

B) In Gurved spacetime ,
"

energy "dependsontheoordinat
time we use. E in(A )defined w. r . t .E ie time at

r= x , AFS observer
.

Atr .localpropertime dr= 1- yid
E τ= H平 Et

For rR : HuI, againonlyfree gravieonremain.

For r< R : H~Y
,

E
=

2 → 0 = )EE α→ 0

=⇒Eir = (42 gsN
)主
→ O

This means
,
for anyEe , the low evergy limit means

r→ o .Whichmeansforsmall r (closed to D3 branes)

any energy scald cie, massive modes ) areallowed
.

一

In conclusion : This (B) dessription at low energy
limit : gravitons atr =x e full string theory≈in AdSsxs 5 at r = 0 (with flux )



These tho sectors should be decoupled, but become coupled
as E increases IWas 1 in suartregion .

N = 4 SYu with U(N) = IB sering in Ads5xs
5

open string gange vector boson spectrum live on the P5-brane

volume Cand fa massless scalar live on the transverse space)
so sem lives on IR

3"
whichis alsothe boundary of Ads5

AdS/CET duality
Adsdyspace time is a solution of Einstein equation with

negative cosmology constant , it has constant curvature

ds㎡ = 2 (-dt=+ dxy +drs
=RY(-dt+dx+dzy

R = - d (d + 1) R
㎡

, Rex = -R =(gupgrx- 9uλ 9ue )

Remarks We take low energy limit before to decouple
some dio.f . such as graviton ,

massive modes .

But onece we daim the Ads/ cFp conjecture ,

these modes have been decoupled , sowe don'e
need to keep low energy limit , ie .

r→ 0



But any one of these tho coordinates only covers a

part of Ads spacetime . The global AdSde . spacetime
can be described as a hyperboloid in a flat Lorent space.
- time of signature (2 , d) :
ds㎡= - dx^ - dx0

'
+ d*

)

,
xi + x. ^ -

*

= :R
2

4) poincane Coordinates
xu

r = X - 1 + xd ,
xe = RF , corresponds torso patch

the metric agrees before .

) Coordinate
Xo =RNArcose. X -1= RNGrRsine rEco,o )

X0=+ x+=R
= ((tr)

,
* 2 =k=γ2 τε (-∞

,
+∞ )

ds㎡ = R>[-(tryder+rs + radrd]
Take r= tanP , PE [ ② )

ds㎡=p( -di+dpr
+sinipdra)

Ads is conformal equivalent to ylinder.

ra. Boundary of Adsd-y is
IRxsd -y in global Coordinate

↑e p=合 and IR
' d- tinpoincared-1

← boundary IR xs Coordinate

O.

一 。



Symmetries of Adsat 1
isometry : SO ( 2

,
d ) ,

translation is broken

Actually , this is D = Cd-) + l Conformal symmetry . consider
its realization in poincareCoordinate.
@ Translat ,bn : x

9
_→ xa+ au

@ Rotation : xu i→ 1Mrxu

@ scaling : XM 1s XxM
.
EI→ Xz

Xu+5MA
一

a Special transformation : xM∞
1 t 2bx +b'A

Z → bxtb̂A, wherebuisconst
, A 2= E

2

+x
2

string theory in Ads5xss .

AdS5 x S
5 is a homogeneous spacetime which has position一

independent Curvature R . There are only two dimenssion

- less parameter in string theory :
2, gs , orequavalenely

! 02asiypgravinyhix?
5
,
Ng, 0 i → 0 → SUGRA

. ClassicalstringLimit : fixed ,
gs → 0

ss is compace ,
so it is convenient to expand 10

一

dim ensional fields in terms of harmonics on s5 .

I (x" , z , Λ5) = 至 @ (xa , z) Ye Crs)

frelds PuAdss



Grarity is essentially on 5D Adss
,
do dimensional reduction on

ss the graviton o- mode on st is volume of st , Vs .

Tan Idsx dirG.
Ro = ruSd5xFGrRs

⇒ effeceive 5 d Newton Constaat :

G5= f二k

N = 4 sem theory weyl fermions
↓

Fieldcoutent : Au
,
di , ( i = 1, …

6 ) , YaA (A=1, … 4)

£= - inFπ (年后的 Fur+÷ppi )'+ [40 , pi] ) + fermions

UIN ) = SUIN) XUCD ,
As phonton decoupling formalae

in QFT
,
UUD pare always decouples in UIN) , so

We Only need to focus On SUCN) part .

The most importantpropertyofN=4 sem is its

B - function vanish , whichlomsfromgiin is

dimensionless
.
This property tellsus

r:4 sym is

A CET ! The conformal group is exacely
sold , us ,

it also have So 16) symmetry for rotating
fiss indices. Iucludingsus 4

,sold,) x sol6 ) bosonic



Symmetries are lifted to super conformal Symmetry
PSUC2 ,214)

NowWe can summarize :

N= 4 SYM With SUIN) IB sering in Ad s5 xss
=

OnR 13 poincare patch)

L-Hs is 4 d CET , (R
'3 = 2 Ads

5

RHS is 5d gravity theory
so th is relation conjectune) can be considered as

realization of Holo graphic principle .

But
,
one more thing ,

in quaneum gravity space time

fluctuates , sowhatdowereallymeanbyAdssxss .

Actually , we should interpret Adssx ss as specifying
the asymptotic structure of the bulk spacetime .

In AdsIcFT conjecture We always consider semi-
classical quantum gravity in the bulk (Ads5 )



Duality Toolbox
IRIUV connection

.

Where does the extra dimension come from?Asw

see before , as we approach the center of p3 branc , namely
r -70

, we getthe lowenergylimie of boundary theory .

In Otherwords , the extra dimension r can be considered
~

the energy scale of the boundary theoryas represe的
Let us look more closely byusing Ads metric :

ds = ( -dt^+ dx=+ dz= )
local proper time and proper length :

de = 是 de , de = 是 dx

This tells you : ≈E
~主

EYn = 是E 10c ,dyu = 哥 d1c

For the bulk process at different Z , Eloc , d 1 oc

remain the same but for viewer on boundary :

EYnx 当 ,
dem α z

In pareicular ,
as Z→ 0

, Een →x , den → 0 ,

E→x , Eeu → 0 , den →o
Ads

N=4 YM
IR zo—

AdsUv IRI Uv Connection
.

↓ Tt Een Renormalization Group Flow
UV Z= x IR



"

pitIR cutoff in Ads at E= E equals to in the
1 “

boundary intro duce a UV cut off at oxvE , Eenra .

Remark : Holography in global Ads patch .

We described Ads/CFT correspond in poincare patch

where aAdss = (Rs"
, We can also do this in the

global patch , the Only changed thing is aAdss =s
'
a1R

.

This is a nmon -trivialprediction from holographic
principle conjecture , because in Ds brane copen string
view) we can only tackle IR?l

,

but now we

argue we can construct the same duality for
ST × (R topology . There are some clear differences
between these two paechs
poincare patch global patch
r > 0 =⇒ get→ 0 v→ 0 ⇒get→I radius of

Eyu→ 0 Eτu→÷
s
& S

3

Spectrum is continue Has a lowest non-vanish energy
λ ↑

property of CFT on mon-compact mfd propertyofCFToncompastmf



Matching of Symmetries .

N =4 SYM IB string in Ads
5 xss

spacetime: Conformal 50 ( 4 , 2) isometry of
Ads5

: sol4, 2)

Global : SO (6) fron { pis isometry of s
5

: SO 16 )

susY : {Qa4 weyl spinor
in 4d . and conformal one wey 1 spinor in lod

symnetry giveyou another 4
25 z 32 real componeues

⇒ 22 × (4+ 4) : 32 real components (but local in SUGRA
)

In some extend
, iso metry of Ads5× s

5

,
So (4 , n) × s016 ) ,

is a subgroup of Drfft group which is a local symmetry
so we match global symmetry in cFt and local symmetry
in quantum gravity on Ads.Butwhy only isomexry

,
n of

other subgroup of pifft ? Recallthat inquantem gravity ,

geometry is flauctuating ,so can only consider Adss. x 55

as an asymptotic background
This subgroup soC4, 21xsol6) is the subgroup which leaves

the asymptotic form of the metric invariant , called

Large GaugeTrans formation( don't become identiey at
γ=∞ ) this trausformation can be consider asiglobal
pare

"

of Difft .



The story is more general !

symmetries in the Field side can be considered as

global part Clarge gauge symmetry )ofthelocalSymmetries

on the Ads side

CFT in Minkd AdSde 1 guantum Gravity .

conformal sold ,2 ) <
Ads isometry sold2 )

U ( 1) global Uc ) gauge symmetry

global Susy local susy .

Matching of parameters .

N = 4 STM IB on AdS5x 55

geu = 4不gs
入 ≡ GYMN =

R4

石

SUCN) ~ N coincident D 3 (flax charges)

Using 16RGr =Pgs 2 ' 4
,
we obtain .

裂。

Dimension Redaction nogs
> 彦π率二器 , Vs5 =π

3
R
5

(semi - )

consider classical graritylimit av, a
'x 0



IB in Adssxst⇒ QFT in curve spacetime .

on the $yM side
,
this means :

N →∞
!

Lange N Limie

λ→∞ strong coupling Limie
strong coupling limis is described by classicalGR
Yu expansion in os QG corrections expansion inGr

丄eM expansion in
π
← QG corrections expansion in 爱

Neat
,
let

'

s consider classical stringtimie
N →∞ →

Gu
→ OΣ㉘

⇌
λ fixed → 21 fixed
'tooft limie . Again , me find Gauge string duality.

Matching of the spectrum .

Boundary Bulk

representation of ConformalGroupso,4)
' … of isometric group

conformal local operators o bulk fields

Scalar operators Ja vector fields Au

tensor operators Tur Temsor fselds Tur

If there are other symmetries , quantum numbers and represen -
- tations under them

, they should also match .



Actually , We can find this dictionary exastly for AdS5xs
5

case

N=4 S4m Bin AdS5 × s
5

Isem Cregard as an oprator) dilaton ∅
a

SO ( b) current Ju SO16) gauge field reduced fromss Aaµ

enery momemtum tensor Tuw Metric pertabations : huw

consider deformation of the original boudary CFT
£ → ∝ + Sadx % (x) O(x)

OCx) is a local field in oFT and we cabltheddx)

as source of Osx) . The simplest case is olx) n Const

than on the boundary , only coupling of Osx) is changed .
What does this deformation mean in the bulk ?

In a heuristic way;consider

< S = Sddx ogssem
£ 1 →S

+ 鼠e幽ggen,me know that

, RP> = PDAds

Whene we assume there is no fluctuation of f approaihing aAds
we also know Is Lem , gin is the source of ssen
and correponding to LE>=PaAds , so inthebulk .WhatW
see is the change of IlaAds as we deforming fsem



Sddx bo (x) OCx) in boundary theory
bulkfielddla)dualtoOCx)withboundaryvalue lx)

up to some renormalizationfactor This nelatin ispowerful
Saux)JUcx)dQxA (x

.Z z=o= Gacx)

since Jucx) is conserved Current, so this nelation is

invariant under Auts Gutant s dynamics of A (x, z)µ

should also be invariant
.

This eells you quts Gut aul must

be a subset of some gauge symnetries in bulk
.

AM~ A taAM Am is a gange field in bulk as we said before
µ

Sddx hur (x) Turcx) deformboundary spacetime
ds㎡= ( -dt<+ dx ^+ dz ^ ) = dz=+ gardxndxr

whene
. g

0 (
z,xey | z →o = I .Yur

so we expect after the deformation' remormalization factor.

ga0 (z ,x ^ ) |z → 0 = (nuo + hur )
If the boundary theorg has Tur t0

,

then the bulk theory
must involve gravity .

Because Tur encodes the fluctu ation

of the bulk space tine .

Remark!InpartititnfunctionViewfisSesddx0lx) equals
the partition functrion now depends on flxs :

ZCF+ [Ψx)] = SeSddxp (x) O(x) }E



Mass - dimension relation
come from IkeOn gravity side
Ʃ 0

S= n. IddxgIR-2 A+ Smatter]
Where 2kt = 16nGdel

,

Consider scalar field
Smatter = - ƩAP- 立㎡E' + hoalinear term

consider smallperturbationsaroundAds ,onvenient
to Canonically hormalize the Kinetic term of small

perturbations : FAds metric

巨 → K五 , guv → g‰~+ khun
RecallthatKI 0Grwis ,so intheLarge NLimit . Eand

HurNOCI), then theirpertubationsaresmall .
s honlinear terms are OCk) or higher , such as cubic term

厌欧 → 应 P~KE~ O (i )
This means in leading order ,

we Onlyneedtoconside
free theory in Ads .

Remark:why Nx? Because We Want to use QFT
on the Ads side

,
not type IB String theory

By our normalization
,
scalar field ' s action under small

pertarbation of Ads is :



S= - ÷ {ddxfg( guran巨2 rttm ^x) + O (k )

Where
, gur is the Adsdes metric .

Now you can quantize
this theory by techniques of Curve spacexiae OFT .

亠E . O
.M

.

:

Fg 2m ( ggu
~avE)- ~x = 0

XM: ( xM, z ), forthetranslationsymmetries inxea
巨 (z, x

^) = faaeik.xp ( z,k) ,
kx := Murkuxr

⇒E - O.μ. - zdil 2 z( z"
-d
2zE ) - K

=

z2x - m
㎡

R
=
E = O

This equaxion can be solved exactly , and then you can

do canonical quantizationaswedoin flat spacetime QFT

consider behavior of p as Z-20 Cnear the boundary)
⇒= 2zp+ ( 1-d) z∂zx-㎡R^E =O

By the ansatE E ~z
0
:

Δ(O -1 ) + ( ( -d )∞ - m
㎡
R==0

⇒ σ=℃±—哔 +㎡R2 : = d ± 2
2

now We define : D : = x + v
,
σ
-

: = & - 0 = d- Δ
As E → 0 !

巨 (k, z ) ~ A (k) zd
-0
+ B( 1K ) Z

0

FT → P (x, z ) ~ A(X 1 zd
-O + B 1X1Z

0

The exponents are real ifMrInflat
calledBt sbound



spacetimeWeoften argue negative mo means instability
such as tachyon .

But in Ads
,
One can show as far as

㎡R>≥ 4 d, eventhough m ㎡co , thetheoryiswell-define
To do canonical quantization , we need to expand E
intermsof acompletesetofnormatizable modes .
The normalzability is defined by finiteness of the

followingkle in- Gorden inner produce .
(E , E 2) = - i/idzdxFrnuCx ,

*a
µ
E
2
- E
,
2
µ女,
*)

Where p is the Cauchy hypesurface with induced metric
rij and unit normalveceornu

.

This inner product
is independent of choiceofs bif flux leaking
th rough boundary is zero ; troughly speaking, independene on

time.

aMzM (x ,
*
aup .- E .2µx ,

*
)→ 0

as zt0 , nzlra= E2u, γz is induced boundary metric
Actually

,
this boundary condition is also important for

a well-defined notion of energy in Ads . because it implies
the eneary conservation in Ads .

Generally ,
we can expand a scalar field 8 as :

巨 (x,t) = 言 n (x ,z) an+ Qn
*
(x1z) at



But there are many different Vacuas in curved spacetime
so an

,
G) arenotuniquely .We can do Bogoliubou

transformations to get a new set of annihilation- sreation

Operators that corresponds to different racua .

FOr OEIR , O 2 是 :
~

Z
0
mode : always normalizable

zd- o mode : { normalizable ,
Ofusl

hon- hormalizable u21
1

“

From now on, we will use normalizable
"

to a specific
quantization . such as when osusl

,
we can chose Bro

to quantizethetheory w.r -t ,chose
d-og as the

complete set . At this time , Wewillthinkzonon-

renomalizable
,

even though it ' salwaysnormalizablemath
-matically . Wewill talk about

"

standard quantization
"

,
A= 0 .

Normalizable modes are used to build up Hilbere space in

the bulk
,

and in Ads /CFT correspondence , they have their

boundary counterparts .

But non- normalizable modes are not part of Hilbere spase

They can Only be considered as background , They



determine the boundary theoryieself .Remember02
d-oso Z

0 is faster than z to be zero .

so the

leading term near the boundary isAlx )
Zd-

o10Alx )

is the boundary value of the scalar field ,
and ie will

modify the boundary action by Sddx Alx) Olx ) :

/ ddx φ %(x ) ①(x) <(x ) =li→0 Z
0-dI (z ,x )

Recall that in standard quantization, the non-renormalizable

term A(x) zd
-o
is zero .

So if non -renormalizable modes

present , they are boundary backgrounds,whichmeans,
modifying the boundary action by source Alx) .

Th is relation implies that O is the scaling dimensions of
O (x).Becauseunderxur ,入xu , ZDxz , Ox )
and do ( x) will becomes :

①% (x " ) = limzi
心-dp( z, x )=li0

Z
0-dE (z

,x) - λ<
-λ

Z-10

=λ
0-d φ0 (x1

Sadx 'b'( x' " O
'

(x" ) :fadxo( x) 0 ' (x) , xo
= {ddx %( x)① ( x)=>O ' (x" ) =λ00 (x

Remark: You can also chose ' "alternativequantization" chose B=0
.

even
'
"mixedquantizaxion".



∆=③+—tm ㎡Rz
0 mzo

,
O = d

, marginal operaton
② m

㎡
co

,
Ocd

,
relevant operator

③ m
㎡
> 0

,
Ord

, irrelevant operator
IR -7 UV in boundarymeaasZ2o in bulk .

巨 (z
,× 1 ~d( x1

zd-
ot…

if oad ,
as z→ 0 the leading term is more and

more importantinbulk theory, soitis relevant operator .

summerize:
五 (z , x ) ~ A (x) zd

-0
+ B (x) z

0
+ …

七 = 当 + 0 , 0 =

—

哔+ m^Rz

z (x, z) →← O (x )

normalizable modes states

non-normalizablemodess action

such as in standard Quantization :

Acx)Sadxbox ) θ(x )
,A (x ) =%

( x)

BIX) OX>
m ← Δ

In alternativequantization !



BIx ) ← /ddxdo (x) θ(x) . ∅( x) = B(x )

A ( x) →←O(x)

m d -o

This procedure can be alse done for vector fieed
and tensor field . The scaling dimension of (massives

rector field is source term

Δ
v
= d +—e2 R

2,Aut -
0autbuzd-

and the scaling dimension of tensor field is

Δ
t
= d

, huv
0

z: (Mur + 8 gur )
七 source term

Euclidean correlation functions.

GeneratingFunction :
ECET [p (x1] = 〈 esddx d 0 ) E

If Ads /CFT correspondense is right we expect :

ECF+ [① (x)] = Egrar[ Elaads = 1]

Because OixI( x
) , llx)

this is an unformal , heuristic form , should understood

as d ( x) = li→0

E (x
,z ) E

0 -d



We doalt Know how to calculate the RHs , but we

know how te do thisinsemi- classical Limit region .
( 9 s -10 , 2

*
-→ 0)

. Recallthis limit is strong coupling
limit in SYM (M- 7

∞
, N→x) .

Egrav [ElaAds =①(x)] = 占 DpeS
了

non-mirmalizable σ |atds=φ(x)
mode

gs→0

α1→0 exp
( Ec)]~

Po is the lassicalsolutionofE .o.m.with the B . C .

Ec0
E

5
p( x)( morepreselyform of ElaAds = φ 1x1 ) By

Ads/oFf correspondence we knowtheleading term
of Ecry as N->∞ ,

λse is

log Zcr+ [p]
N→x

SE [Ec] , 巨c→ z
8
φ(x)~

入→x

so wecanuseAds/uFTcornespondenseto Calculate strongly
coupling srntheory.…

( x)isthenon-normalizablemodeonAds side , soit

should al so be cosidered as infinitesimal on CETside .

ECFT = Egrav , but they are both divergent :

LHs : UV divergence IRlUVPonnection
RHS:E-30 ,gar → x ,volume "divergencenearAds



so we need to renormalize them by add conterterm

SER) [Ec] = SE [Ec] |z=ε+ Sce [巨 cCε)]
π

muse be local functional ofPa

After this reglarization We can Calcu late the n-point

correlation functions :

<Odx.) … On(xal)
c

=
8

^logx
.)- 8mttny

=
δnE,
(
x,) …8% (xa) | b = 0

Recall ZoFT is the generate function for connected add
non- connected Feynman Dragram .

But Zofe : eW ,
w is

the generate functoion only for connested ones which

areourneedforon -shell reasons .

considert - point function with source :

<O (x)D4geg.
βS± @

) imzβ0芘繼
E→0

Ieis thecanonicalmomentumconjugateto Ec treating
Z as

"
tine

"



P (x ,Z) →→
0

A (x) zd
- 0
+B 1X ) Z

0
,
A (x) ← d (x)

⇒ <O (x)>p = 22 B (x )
Now we will prove it for scalar field .

后 = 一立{ dd*x河 ( gmnan巨 awx +㎡巨
2

)
⇒ □=-ggzzaz巨
⇒ E -0 .M .

- au(rgguvarP ) +㎡Ψ=0
巨 (x,t) ~p (k,z)eikx→ zd+' 2z (z (-dazE ) - K

^

Z
^E =㎡R2巨

DO IBP for SE :

后 [巨 c] = - ÷ {dd
+
x区c[㎡Ec- ∂u(ggu~avEc)]

- dAzdQXaMIGguN2NE]
Pa is on- shell so the first ferm vanish .

SE[巨 c] = /ddx艹 c巨
c 1 ÷∞=i { aPc(k,z)πc(-k,z)|+∞

Whene me used the face there is only boundary along E .
Z:巨 . →A ( x)Zd

-0+
B 1 x 7EO+…

πCX zEcα -A ( d-0)E -
0-
OBZD1+ .

⇒ Pcπc £ zd
-20

+…→∞ ( for U > 0 )

SO SEIE]isdivergent. We need to add a contereerm
as uwe said before;

Sct [EcCε) ] ={)af(k> Ec (k,z) Ec [ k , z )



this is the general ansatz we can white satisfying
locality on Ec .onsiderbacisof solutionsE , oz

五
,
→ zd-c

, Ec → z
0

and their corrections in momentum space :

E (zk) = zd
-0 ( 1 + a, krz^+ O (k4 z4 ) )

E
, ( z , k) : ZO ( I + b, k

'

z
= + O(K4 z 4 ) ]

Only kin terms for ks - kSymmeery .similarly
π

1

,→ - (d-0 ) E
-0
, πz→ -Cz

0- d

Now expand The and Eo by these basis :

Ψ c = A (k) a +
B ( k)Tp

A
2
:= A(k)

A(-K
)

—口

πc = A( k)π. + BCkK) π
I v「

=⇒ SE[巨 c]=<部a [A= E . π 、
+ B

2

π Iz +AB(π. P2
+ 五

,π.) ]
the first term divergents as E→ 0 ,butwecan '
counter it direstly , because it' snotBut we

ef(k2)Canchoose : only p
2 is

Sct =÷
{z=ε9

飛、巨
2

Covariant not p
,

r

=÷ {z =sa ( A
=

五
,
π

、
+2AB

、π. B2 +B吨五]



Add SE and sce togather , and we should re quine the

regularity of f in the bulk , So E must be finite when

E -→ x ,
sois 2zP .

However
,
we know π= -√ggzzazp

一

~ Z
1-
dazt- 70when z→x - Then the term in

infinity vanishes , so only E-20 contributes to the

boundary term
, Finally , we obtain :

SER) [ E<] = ÷Sz=ε@ 22A (-<) B(k)

Impose the boundary condition : ACk) -(k )w
can solve the E

. O
.

M . of Ic ,
for specific k . introduse

r = Kz, the equation equals + o :

rdeer(r"derI(r) ) -γ㎡RyB=0

SO E(k
,
2 ) depends on the combination K.z

.

This is

Bessel equation ,
the solution is :

巨∝ zd
=
kv (kz )

as E → 0

Ku (kz) = 些)“ +
「些)^← … .

sox (k) : =等 =

鼠( 号 120is independenton1(k)



Which implies :
SER

> [Ec] = {a 20X (k) φ(c) φ(-k)
⇒< O( k)>1 = 22X( k)φ ( k )= 22是- A = 20 B (k)

Now weentinelyknow the assymporosic behavior of Bc
near the boundary : ( in standard quautization)

☆ 五 c (x , z) ~ d (x )zd
-0 +θ(x)》 z0 十 - -

xsource Eoperator
and also the two poinit function (Green funcy ,on )

GE ( k) :=< O(k)①(-k)>
2o22x( k

)=<4)

this is exactlythe linearnesponsetheorytellu
Fourier transforn to the coordinate space :

GE (x) S TRp
Which is exactly 2-point CFT Cornelaxioa function

,
D

is the conformal dimension .

Higher point functions .
Because SER) ~ p ' , you maybe expect ( On

=3
>= 0 .

This is Obviously not corret
;
because we naively neglece

O($3) in SE [Ec] , For <Onsr) it
'
s rat,onal , but



: 3)~ OCk)is infinitesimal
,
so we need add higher

ordercorrection inImatter.For example :

s = - Sddexg [立 (2z)>+÷ mE㎡+ 分五]
where 入NIK~ O (i ) , E . O .M . becomes :

□ P -㎡E - λE^= 0
with B - C . litz0 z∞

-dB (x , z ) = d (x).
One can solvethisequationperturbatively inx)

PC = P , t五←
……

for I-pe funcyion

⇒S [ Ic ]=Sz[ψ]+ S 3[b]+ - -… <O >1=0=0
≈<O2 p ~ d( x)+ . -Sn[d] gives you the n - pt functions . But we can

use Feynman diagrams to simplify the calculation
Recall in flat space time 13

- theory
.we treat xo

3
as

perturbatire term and contribute a 3-vertex
,
and the

free theory will contribute a free propagator :
句 λ λ
ΔFLX-Y| 、

In flat spacetime , because the translation synmetry
we always use the Feyuman rule in momentum space .

Nowweneedtousethe feyuman rule in Gordinate



space
" ,√

"

的 ys
< E . (y . ) … Enlyn)) = 声δ +…

.
-

t
.Y 4

Yn

Now back to Ads , one major difference is that
the

sources f 5x) lie at the boundary :
@

x x 2x 3: ×4 There are tree differene types
KV 7 K K ^K of propagators in Ads

bulk-to-bullk G
Ʃ boundary - to- ballk ,bulk-to- boundary k

@ Bulk - to - bulk propagator :

□( m
2) G (z

,
x ; z

,

x
)= 河 δ ( z-z ") 81

d"
(x-x)

Which is the counterpart of standard flat spase prop.
And Gshouldalso satisfy the B.C . :

G (E , x ; z,x ) ~ Z
0
asz → 0

G (z , x ; z
"
,
x " ) ~ 2 '

0as
Z
'→ 0

G( E, x; z '
,
x ^) vregularasz , z' → x

@ Bulk - to- boundary ( orbulk-to- boundary ) propagator :



□ - ㎡) K ( z,x; x") = 0
and the B . C .

K (z,
x
;x "

) ~ zd
-og (

d)(
x-x '" )asE→0

because then
E (x ,z)

= {ddx " K ( z,x ;x" ) ①(x ")
"0 zd-op(x)

will have right B. c . The Feyuman rule is we calkulate
the bulk correlation function but all the sources on

the boundary .
And We need to distinguish k and G

< O (x, ) … O (x2) ) = {E , (x .)… 巨 (xn)》

ByFeynmandiagrams ,actuallyWecancapture information
beyound semi - classisal saddle point by rop diagrams :

SEEPc+δ] -SE[I]= eECFT
= SzbAds=①DIeSE

[I] SE[E]SDse
λ Λ

expand aroundl baddle- point P
tree- level loop-level

You maybe see in other F nman diagrams
like this :

nThe boundary has s
"

to pology , not 1R .

33

Because one can show in EAds
③

z→x corresponds to a single bound -

-

ary point , ( Z=0SU03 asn .



So
, actually ,

in EAdS /KFT , CFT on the boundary
is defined on st not 1R

4
.

The explicit form of k and G for massive scalar field
G (E , x ; z

'

,
x^ ) =CO

↑

OF , (号 ,Ʃ * ; Ʃ+ 1 , 成
2

Z
2
+
z

2
+
( x-x^] 2

-0 T (0)
一H : = 2zz

'
,
(
0
: =

20-( ]πdd12 T(σ- d/2)
andyYou can find expressitus of Ko in hep-th 19804 058

K0 ( to, * ; *)=第x*↑)
there is a relation between K and G :

limGB (z , x ;, z ;x )= 器 k( z , x; x
Z

1
- →

This relation will also cause :

(O . (x.)… On (xn)liiss 0π (20nzn
0
"
)

× ( φ, (z,x,)… ①n ( tn, XGn ))
This formul a doesn' tsurpriseustoomuch , because it

'
s

natural to expect :

<I(x, ) …□(xn7 )xlit,→
0…0<E( E1,x) … B(zn, .xn)

λ n

all sources on the boundary all sources in the bulk.

Let' scalculatesomeexplicitexamples



Actually we can consider a more general f 3 theory :3

S = i{dxg[ 点由i 门+ Imi 喝 tbE ,JPI
The Feyumanrulesinthebulk Cie .Wittendiagrams
come from the perturbative solution of

I

.:

01…“*会
CEEx ) = Immx- t “

+ - … …

01
”

:1xn

Which means :
integral in the bulk

e integral on the boundary ↓
d

Ii (z ,x ) = XkoiCz ,xix' )h : ( x' ) + bfdxdz'g x↓ …

入皆惩
*SaPxiSaPxxkogbulefield∵↓,,a

,

xiu
7 d,boundary
t*1
eld.

Then you can put this perturbative expantion in to
S[I]

,
and take fractional derivative

,
what you get

are feynman rules of these witten diagrams .

<O ( x, )OIx.)Os(x,))p=0
= b/dPxdEfg ☆ K0:(z , x ; x:)

Untilnow, everythinggoeswell , but in fact for k-k
modes from s 5 compactification,we have handreds



of Teynman rules to use and too many Wiften diagrams
to add . The entire correlation function is very hard to

calculate , even for tree- level . Wewill only be satisfied
With this simple toy model .

Similarly , you can also construct Feynman rules for
gange fields .

Sbulk = fdd+ 'xgE年FABFAB +ƩGAB(2A + iAA) P
* (aB- iAB)①

+ m
㎡

/ pP ] ( SQED in bulk )

forexample : @
φ*(XU)

( * ) < OO (x, )O ☆(x2 )JM(Xs ) ) =Au∴o,
)+
. …

T

@ ψ (x,)

= -:, ngt"cay [ Ko(w,
x , )os ko (w, x)] Ka* (n,xs)

Where KaM solves the bulk Maxwell equation is the

bulk -to - boundary propagator for the gaugeboson :
KAM ( W , X ) = CpTu-xpcayody JyM (w -x)
JAM (x ) : =δ

a
^ -

2×☆= x22☆axi
XA … =

x, so JaM is the Jacobian for the inversion

trans formation .

More complicate examples can be
found in hep - th1 9804058 ,

Su 14) gauge anomaly was

analyzed in this paper , too .



We use the defination in ):

AB : = AB - A2 B

skipping over the technical detals , the answer is :
<θc (x ,1O☆ (x2) Jµ (xs) >

心( { ) T({ )「(d)
= s

↑
(x
,
X2 ,X、) ) πd2T(o- {)

(** )

s
^
x.
,x ,X 1 )

:=X
20- d+ (3 ))x

Onder UC) transformation :

SrO = i ΛO
,
δn 0
*
= - ind

,
δ
.
s =SousMr

Then We have ward - Takahashi equation
O = S <OO*>=Sn[ Sppe '

θ0
(
x,)O*

(
x, ]

= - < (Sdx32aJµ(x3)Λ(X3)) O ∞( x,) OE (X2))
+〈 iΛ (x.)θ(x)O *

(
x))+< Oc(x .)C - in (xr)O (xl 3

⇒家〈 Oc( x1) ①*
(
xx)Jµ(xs)) = i ( δ( x,3)- 8 ( x2s) )( 0 (x )Q *(xa)

Using (**) , we get
<O(x,

)
0*( x) )=品飛)泵

We can use conformal symmetry to obtain COOt) n Tis , By
AdsICET , We Calculate the coefficient exactly .



Wilson Loop = 2Minimal surface)
WilsonLoops : ( in poincare patch of Ads , not EAds)

WKC3 = Trp exp [ iAudxn], Au= AT 台,
The physical meaning is phase factor associated
with transparting an

" external
"

partical in a R- rep
along C CA-B effece ) We will work in fundamental .

<

_ iET (E=2M+V (L)]
To ^

x

飛ove
p
'

s

↑
“

VEs Can be interpreted as potential between

L an external particle and anti-particle
Now we will show how to calcalate CWCos) in

A = 4 seM using Ads/oFTcorrespondens .Butall things
in N= 4 seu are living in the adj . rep so how to
introduce fund amental rep . ? And we also need the

gravity dessription of such an external particle .

For the first question , suppose we have Nt1 stacking
D3 branes . If we separate one of them along one
perpendicalar direction for distance 1 :

> ⇒ 下N+ 1

∠ :
~心 ⻊一



The gange symmetry willbreakfromSULN 4) toSUN×UG)

consider a string with two end points located on the

separated p3 brane and the rest Nones respectively ,
This

string corresponds to a fluctuation field living on those
D3 branes in SUCN) fundamental representation .

It's

mass is M =☆,toforsymmetrybreaking.
NoW consider low energy limit 21- 70 ,ookbu

旦
keeping a , finite .Intheresulted gravity side , one
finds only one D3 brane in Adssxss which located
at tand the other N D3 brans disappeared at
r = 0

. Tate rsx cive ,
to the boundary ) limit

In this case the external particle in fundamental

representaxions with Mx∞ .

This particle in N=4

suM can be intepreted in bulk as a " string" hanging
from the Ads boundary to deep interion and the

hanging point is the location of the particle .

←
particle in SucN) fundamental Rep .
Z= 0 Mox

1 ⇌ string in Adssxst ending on the boundary



so prarallel transpore of such an particle in sem

is something like pullingopenstringinAds .But
syM also has scalar fields so the wilson loop
should be corrected :

W (c) = Trpexp[ ifods (Ast" .I]
n is a unit vestor on s5

.
This formale indicates

the string ending on a Ds brane with collective coordinate

I
,
so ie must be coupled with scalar fields

.

InAds

picture the wilson loop on the boundary C should

be the boundary ofstring' s world sheet : C = 2Ʃ
We will expest this from Ads /cFT conjecture :

< WCC )) = Estring [ aƩ= c ]
consider gs 70

,
2z 0 limit

.

Then RHs is tractable

by saddle -point approximate .

<W ( c) ) ~ exptisca (aƩ=c )}

Examples :
I

.
a static particle .



-iMT
on the gange side : W = e

on the gravity side : XCt , r ) = onst
,
4 = 0

remark : In any condition , the
classical solution of

fermion is al ways zero .

Using neparame trization freedom on the world sheet ,

one can choose the coordinate on world sheet f2- (t ,r1

then atx
*

= 1
,

arxr = 1
,

xα=0

dsws = hapdeadoβ*
i =

0-idτ=+ 答 do 2

心⇒ SiG = - 的 { d&π=- 动,Sdt )
。

dr = _ -T1

Where A is the cutoff of r , recall M =毙=淑

Which agrees Ads / CFT corresponden se . In terms Z

E = 路 =⇒ M = 动 = 聚,
x
ist' Hofecoupling .

This corresponds to self energy in strong coupling of CFT
on the boundary .
2 , rectangular Coop T》L
The beginning of this section we calculate this in gange

side perturbatively .
But as 入 sx Wedon't know how

to calculate.Wecan calculate it by AdsIKFT .



. X1

I L

一的三
Ʃ vZ

」 Λ

⑩

Using reparametrization , choose τ=t,β=X
1

T7 L , translation sym . in time requires
Xi≠ 1

(τ, 6) = onst , Z (e, 0) = z(0) , E(± i) = 0
dsws = = (-de>+ ( 1 + z2 )de> )

L

=⇒ SuG = - = T {
-三器口 = -袋 Tδ

。

三學口
Nowweneedtoextremizeittofind Z 10 )wit

b.c. t(± 三 ) = 0 .

E-Lequation :
2+ 2z

12
+ zZ

②

品。登嘉治m3n
= 0

⇒ ar=
couse

we expect parity symmetry z(6) = E(- 6)
=7 E ( 0)= Zo

Z'(0 ) = 0⇒ Z
12
= 42

.

4
- 1 ,
it

'

s also very hard to

solve
,
but we Can obtain z(o)

'

s inversedfunction :

β=± Szzodz≡小 E=24
the slutionforGso can be written as :

6= Z.Sz1zdy步4

Using the face Z (i) :0 , we can solve to

㎡ L2O

气 = Eobdy≈y4≈ Z0π
B(主法)

⇒ Z0 = (元「韓



For Calculate SNG
,
Wedon't need the explicit solution

of Z 18) :

SNG=- ㎡+
{

。
立碌谄 ” =- *+

」
。2

= 一TJ
≈dz= -了。一 Ʃ
0 Z

=

z
.

4
-z
4d

This integral divengent . but we can introduse Cutoff ;

SNG/个= -㉒]a1可4

eiSuGweET w(V+2)T the M of particle and

anti pareide areboth
1

⇒ V(C) =裂 。 )1z0器

, 一
= 。

( i 2
。器x

- {
iz等 -

1 )

二 ☆ ( k ( i ) - E ( i) )
K
,
E is the complete elliptic integral of the first and

seond kind respectively .

K( i) =器「
^

(市) =Eli ) -不率)
V ( L ) =-是斷

As we have seen , the calculation of wilsonloop is

translated to a minimal sworld sheetl surface problem in

bulk view
.



Finite Ton1Rd =BlackBrane
Finite temperature generalization
Thermal gas in Ads

It Can be described by buclidean Ads metric
ds㎡= 2 (dτ㎡+ dz<+ dx ^) ,

τ~ e +β
Bosons are periodic in e

, fermions are anti -periodic
But this metric has singularity at E= x , and
there is instability comes from stringy calculation .

so thermal gas in Ads can not cornespond to
termal states in SYM . Black Hole maybe a

resonaable choice . But now we work in Ads not

EAds
,
the topology of boundary is 1Rd , BH have

Horizon withe sd topology , sowe need to consider
Black p-brane :

ds㎡ = z( - f (z)dt2td*" +Fidz ^) , f 1a) =|1-d
With

temperaturezo
,

and

entropySBy: 5
,As= )dx、dxedxs

define the entropy density as :

s = s / Sdxdxndx3= 5=^ N=T ㎡( ;瑜
This is the temperature on the boundary , so this



entropy corresponds to entropy of spu as λ→ x

As 入→ 0
,
the calculation of entropy parallels to

calculation for free bosonicf fermionic massless gas .

each bosonic dio. fcontributesT3 , andSF = 京 SB .
for fermionic dio .f (You need to consule statical

physics book about Black BodyRadiation) In STM

there are one Au with two possible helicity and
six fwithspin- o . They also haveNy color
d , o .f .

so there are totally 8 (N
2
- 1) bosonic d . o. f

in sym .
Fermionic diof is the same as bosonic

d . o .f for suse .

Sx
=0
= (8+ 8× 号) x器 TB(NE1D 号

E2 T
3

⇒ s
入o 二年

manyexamplesofCFTdualsareknown in d =4

which have
weak=☆ h , 号 ≤h ≤ 1 .09

This agreement can be also considered as a check

of Ads/KF+ conjecture .



Finite T onsd = BH + TAds
Now

.
consider CFT on the sphere . (such as EAd s/KFT )

Finite tempe rature CFT on the sphere is very different
from the case on IRd .

For CFT on 1Rd , T is the

only scale
. scaling invariance provides this theory

independents on temperature ,
But for CF+ onsd

radius of the sphere is also a seale , which

implies this theory depends on RT .

For theory on the sphere , termal states

should correspond to Black Hole with metric :

ds㎡ = -f(rdt2
+

ir)dr 2
+
r 2dra-,

where
f(r) = 1+ 品一鼠

,

U is a const.relatedto B4 mass

notice this slutiondiscribeBtinAds , notMink .

As R→x ,
the solution degenerate to d-dimentional

schwarzschild BH
.

The horizon is located at r=ro 7

where fir.1 =0 .
The temperature is given by :
β=0)=+dR

Further more , thermal states on the sphere can

also correspond to thermal gas in Ads. Becaase



For sd boundary topology , we need to describe
bulk Ads by global coordinates .

ds' = -(( + )dt <+ ytrzdrd
Then we can wick rotate e to - it to obtain

thermal gas inAds . This Will introduce singularity
in poincare patch ,

but we can safely require a

periodicity , erexf in global patch . After doing
that

,
the local proper size of I

- cirde is

FYR2B ≥β
Unlike in poincare patch , where the local proper
size of e -cirde goes to 0 when z→ x . Here ,

as long as the temperature is not very hight Cie .

B isn 't very small ,thermalgas isperfecely
defined ,

so thermal state on sd can be mapped
一

⇒

to thermal gas .
(at least at low temperatune )

Let' stalkmoreabouetheB5 ICinAds) . Here
is a BmaxforBtH in Ads .

βΛ ① ouly when T ≥ Tmin
,
there

璧 exist a BlH solution

② T≠ Tmin
,
It gives you two

>
。 different BlH solutions



As We Can see
,
there are three possible thermal objects

in Ads ,
thermal gas , SBlHandBBH . When TL Tmm

,

only thermal gas survive .

It implies thermal states
on the boundary have 3 phases , we should fond
the one with lowese free energy一

∠一
一BF

= ZCFT = Egrav =SDEO
'E[E
] ~

eSE[E]
e

⇒ F = - 官 SE [ Ic]

%

,
'

weshouldconcdusiontfromhesolutionwithboundarysidsandi Thisanalse
be analysed on gravity side

Egrav = eSE (+Adst eSE | SBHteSE | BBH
where clearly the solution with largest Sa dominates
one can show that :

SE (TAds ) = O . N=+ O (N0)

SE ( H )BB > Sz (SBH) ~ O /N
^

)

so SBITwill never dominate .
In fast ,

there exist

a critical temperature To . WhenTmin <T<To, SE (BB-H )

< O
,
so TAds dominates in this region ; one the other



hand
,
in Totc region , SE (RR4) >0 , BBIt dominates

Hene is the phase diagrame
Λ

BBHE← - -
- …

There is a phase tran sition at

Tmn -

-tdsads . .
T=Tc

,
and it

'
s a firse order

phase transition,be cause the free
energy jumps from OCN

)to OCN) , which means the

derivative of F is not continsous . This phase transition

is called Hawking - page transition .

IRds is the R goes to infinity limie of sa- t .W

said finite temperature CET on sphere is parametrized by
R.T :

R→∞
,

T fixed —→<
RT-const

R fixed
,T →∞

⑪ ⑪
finite temperature CFT high temperature CFT

on (Rd- 1 n
on say

Λ

、 ∠
~ BH

so this tells why termal states on IRdt only

corresponds to BH ,
mone precisely Black Brane .



Finite U = charged BH
N=4 SIM has So 16) global symmetry , Which means

it has many charges . For example , we can choose
one of the Ucl) subgroup and ture a chemical

potential for that Uhi) .
The grand canonical partition

function is defined as

已 = Tr ( e
- βH - βuQ)

Where Q is the conserved charge for U<4)
.
In

field theory on the boundary , this corresponds to

deforming the action by
δ s = SdlxuJo

on gravity side
, We should turn on the non- normali

-zable modes for the gange field Au dual to Ju with
the boundary ondition below

li
→0 A 0 (z,x ) =µ ,

li
-10 A : (z , x )= 0

The bulk geometry with fimite chemical potential
can the n be found by solving Einstein -Maxwell eq .
with the boundary conditionabove.Naturally,youwill

expect the solution is charged BH in Ads
,
e.g . d=4

ds於尋響灌
㎡



Holographic Entanglemet Entropy
Entangle ment entropy

consider a system consisted of ewo sub system A

and B with Hilbert space :

H = HADHB .

In state 14) , A . B are entangle iff |47 can not
be writtenasa simpleproduct. Entenglement entropy
provides a measure to quantity entanglemene between

A and B . The defination is :

SA = - TrA PAlogPA ,
PA = TrB |Ψ><Ψ 1

SA = 0 iff fA describes a pure state ive14 ) can

be written as a simple product , there is no entangle-
- ment be tween A and B

.

For any pure state 14)
,
SA = SB .

suppose A . B . C are three pares of the system without

any intersection between any two of them ,
We hav .

subadditivity :
( S(A)-s(B) |≤S(AB)≤ S(A) + S (B)

strongsubadditivixy :
S(AUC) + s ( BUC) ≥ S ( AUBUC ) + SCC )
SCAUC ) + S (BUC) ≥ SCA) + SCB)



Many body or field systems can also be formalived

by Hamiltonion , they also have quantum . so we can talk

about entangle ment entropy in these systems too .

4
B 凹AUB=Ʃ/Ψ>A ① 1Ψ)B

We are interested in ground seates of AUB .

If there is no interaction between A and B , ive the

totallHamittonion Is HAUB - HATHB . Then the

ground state in unentanglement at any time in evolution .

Ifweadd interactionsbetwen AandB HAUB=

HA + HBt HAB , then the ground state is generally entangled
But in all realistic QFT

,
HAB is local , which

implies that the interaction only happens near the interface
entanglement

of AandBdomInated
B

技
regioss .

三
一

八个

愆HAB only involves√
dio

.f near JA



One finds ,ingeneral ,theeatanglemeneentropyo
ground states have area law :

SA =γ
Are (-2' + sublecding terms

Where r is a constant coefficient , E is the
lattice spacing or short -distance catoff of QFt . Which

characterizes the geometric width of interface . This

formula shows entanglement between Aand B are
dominatedby

short -rangeentanglementnearA
subleadingtermscomingfromlong - range entangle-
-ment can provide important chacterization of systems.
① Topological order in 241 dimention

.

This system contains long - range cornelations

not accre ssible via standard observables such as

correlation functions of local operators , But it

can be captured by entanglement entropy :
L(∂A)

SA = γƩ - 8

subleading terms are characterized by a single
constant 8 ,

and it doesn ' t depend on shape or size
of A .



② For 141 dimensional CFT
,
the Area of 2A

is Zero . There is no leading contribution ,
and

one finds

SA = log型
Where c is the central charge .

Remark :Thedefinationsofreoff Eand Constant γ

depends on the syste m .
And entanglement entropy

is calculated in a time slice .

Holographic Entropy .
The question is how to calculate entanglement entropy
of CFTd on Adsdt 1 side .

A E =0

A
→←

不
↓

Ryu and Takayanagi guessed the entropy is given by

SA=Av
Where OA is the minimal surface with boundary A .



some supperts for th is formula :

① Strong subadditivity .

1 A 1 C M BA
=
!”
"
µ

ZAc ZBc 1 A 1 Cp Be

Wr.
JACtJBC = Oit rz

. By defination of minimal surface .

O , ≥γc , J. 2 JABc ,
Which implies

SCAUC ) + S(BUCJ ≥ SCAUBUC) + S ( C)

similarly , using ↑ A 1 C e BA

凼
1 A 1 C M Be

二十

1 A 1 C P Bp
c

γBc

回
γAc +γBc

= γ , + γ.
,

γ, ≥γA ,
Oz ≥γB

.
Which implies

S(AUC) + SCBUC) ≥ SCA) + SCB)

This proof is very elegent contrast to highly nontrival

proof by von Neumann' sformula .

② reproduce known result .



Applythisformulatoll dimensional CFT. For holographic
CFT

,
the central charge is given by

C 二
3且
2GN

on the gravity side , consider constant time slice :

dsle0 答 (dxr+ dz
2 )

L
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d (㎡= zR
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( ( +x
^ )dZ

2

: B . C .
× C0)=±

zo

S=(A )FGiX
2

SEz≡口
, Extreming it leads toε

L
the answerx=±µ- E , asemi-circle .

Z0 = 三
2

=⇒ SCA ) = Gi ×2RxE%學率=
E-→ 0 2R
≈ Favlog点二号log点

It is exactly what we concluded for41 CFT before .

③ relations to BH entropy .

consider finite temperature cFt Cie ons ' ) which
dual to BH in Ads

.

If we take A to be the

whole boundary space , the minimal surface is juse
BiHhorizon ,and BH entropy is recovered .



R
Graphically ,

as you make A larger and larger , Its
minimal surface more and more tends to Blt horizon

The End 一


