
上了HL 、 张力〈

統計力学 by 川细幸平

授業 1 - 人

東京大学 2026年春

六木少八 √

鄭下凡



$1 . Landau-GinzburgTheory, .
Ising Model

H ( Esi ) ) = - ]☆, Sisj ,
Si =± 1

-β2-1 (Esis)
E ≡ Tre

To capture universality around To , a continuous
field theory description is useful

E =SDPCE ) eH
[OE'

Yeal scalar field

—→ ” ∞迪心」
coarse

srains∵办…
① (t )-#nn ‰

.

s .

we should choose Ms such that

n Mr is sufficiently smaller than the entire sys .
o ir should be large enough (s7a )

field theory formulation is meaning less on very short

dis tance scales (We implicitly expect the theory is



independent on the coarse graining details )
The effeceive HamiltonionH (p (,) can be derived

from lattice model for this simple model, but in

general it
'
s impossible . Actually ,theHamileonion is

highly constraint by symmetries and other physics reason .

a Locality : HC φ ( t)] ={dr )H [φ (r)] > b, Jp , …
. 42 spin flip symmetry : H ( ESis) = H (- { Si})

⇒H [ P( 81 ]= 7 -1 [- β ( 8]
. Aroud To

,
f ()shouldbesmall cas an order

parameter ) ⇒ H[P 181] can be Taylor expanded
to b

,
J 中 ,

…

→ H[ β ( k)]= { dr[ td( +)=+Ud( 5)4+ 号(5d1P*j
.

了
λ

Landan - Ginzburg theory for Ising model , irrelevant

so we don 't need to go into the micro scopic detail

of the theory to derive the H[PIr1] , We Can constraint

it just by some simple and natural argument . However,
t , u and 2 is related to the micro scopic detail , for

deriving Universal behavior such as critical exponent , the

exact numeric values of them are irrelevant
.

Now suppose f is aniform Cindepend on n )



V→×
→

saddle point E ~ eZ = {dde
-v.7+ ( 01 )

approximation

- v 71( %
)|荊1 %= 0

It
'

s just Landau theory ! so Landan theory can be
derived from the general field theory , Lan dau- Ginzbung
theory by mean field approximation .

From this example,weknow that we can write

down field theory only with symmetry .

It helps as

to get rid of any knowledge of microscopic details .

Nexe
,
consider 2- component real veceor field

f = ( 01 , , b. )
^

~

suppose that the theory is invariant anderrotationofof

H [pr]= { dr[ tlt2+ul Ψ 岭(
5 ⑤》

:1 ;j7
It is called 0(2) -mode 1

.

The generalization to O(N)

- model is directly , Landau - Ginzburg theory is the

special case for N = 1
, Since OC ) ≈ 4 z

We can also consider N - component complex vector

field , then We obtain the Uu)-model , similanly,
N
.

component quaternioa rector field gives as the Splus -

model
.



And We can also consider field theory for a matrix

field Qnxm (r )

HCQCi )} =÷㉙{diτ r[[ σQ + ( r, ) .( → Q( r]

Q ()ε U (N ), O
( N), SPN )CGLCN)

It
'

s the NLSM . (Non - Linear Sigm a Mode 1 )

S
2

.GaussianTheory, .
We focus on the Landau - Ginzburg theory

1H τ①] = Sddr [ƩπΨP + t φ
'

+ u 64 ]

Here
,
We assume 2 = 1 .

Now ,human being Only know

how to calculate the path integral expliciely for Gaussian

Theory ( ie . 71.[b] = 立⑤ΨP + tp㎡ ) :

Z
.

= SDpexp[ {ddr φ k φ ]a detkj^
,
k= - 2=+ 2 t

This result is standard
,
and there are many different

ways to derive
it

. Here We omit it . In statistical

mechanics
,
we are interested in free enorgy
F = - 式 logz = 老 ogdetk

We need to solve the eigen- equation of K :
ik .r ik .t[ j =+ 2t ) e = ( k

2
+ 2t) e



⇒ det K=ara
(
k"+ 2t ) I IR divergence

⇒ F = 专 ttnalog(=+zt)~→∞{)alog ( k ^+zt )
And the heat Capacity can be calculated by

t:=F-Tc

CE -T录f mmus 一登兵 To is the critical

θ zπSa的
…

… temperature

cutoff①~≈
. kttrei

ing singularity .

s

We are interested in the power- law divergence of
a fort → o lie .T→T . )

To capture the t dependence,
introduceq : = 岸 ,

then :

Co ~tf
。

底
dq》

Obviously , this integral only convergent for 1 Ed< 4 . In

this caseCr ~ t{
- 2

1

However
, for the case d >4

,

the integral diverges , but t{
-

→→00 . Backto the

previous expression and look more closely

cras. ep ≤
Ska
-sdk-xh

4

sx

So
, Cutoff makes it finite and without t dependece .

In

summary ,
ford ≠ 4 :



c α {
µ.

(d< 4) power divergence

finite const (d>4 )
一

□ consist with mean field (Landau) theory
so

, by considering the quantum fluctuation from QFT
'

s view

We predict the non - trivial behavior of a beyond the
Landau theory in dc4 cases .

How about d = 4 ? This case is subtle and related

to logarichm divergence . Beyond the scope of this lecture

Next lecture will focus on the calculation of correlation

functions and confirm Yre gives a length scale cie .

it' s a correlation length) explicitly

S 3 Correlation Functions

We want to calculate the following objeces :

(biπ ) … ① im) >: =当 { ppb (ri >Ψ (≈)… ① ( raseHcd]

Note : In statistical field theory , We are considering
Euclidean Foeld Theory . so wedon' thavewell- define

time ordering live. casual structure ) . Rather than defining
n -pt function by COITELx)-- itn ) } lo) like relaxivistic QFT ,

here we just define it by path integral directly , Which Can



be considered as analytic continues of ColTEbt, ' --Pstnitnig lo?

by Wick rotation .

Using the schwinger trick lie .
add a source term)

Z → Z [h]: = {Dp eH[b] + Sddt h(r) dir
)

The physical meaning of hur) can be considered as
T - dependent magnetic field probe spontaneous breaking

of Z2 spin flip symmetry . Mathmatically , it can be

understood just as a trick to derive the u- pe function :

< b (ri ) … ① (≈1) = 定 (. ,) … (.,)zi>h
=。

Wemainlyfocus on the 2- pt function :

( p (ri ) ①( 号, )=室8shcln 。
=)。

Which is the magnetic susceptibility 。

For Gaussian theory , ZCh] can be calculated exacely

鼠 = exp [ 之 { ddh ( r)( -j =+2 +)^ h (r ) ]
0

Now we defme the Green funceion :

GIr , t ):=logZ [h 3) n= o



=一运飛,): o +当,sc )= 。
=<φ (r/ ( t")- < p( t)><φ|+")>

= < ( t)d ( ") ) <
so this is just the connected part of 2-pt function

ZCh] = E [o] eWcCh]

f dropped

log Z [h] = 立{ddth (i) k" hci ) tlogz[o]
= Sddifddr"hir ) ( 8( t- r )

k-

) h (t)
since we only need Bh logz ,

here we dropped the

Constant term out .

<① ( t))
、

= 和r,logzth 3 |n= 0 = k
^

hln
=.

= 0

G (t , π) = < Q (r ) d (+ ") )< =δ ( 5-r ") k
- 1

It means G ( r , T ') satisfies the followngGreen eg.

KG (5
,
*") =(- 2 +2t ) G( t

,) = ftrr)

In QFT,it'
scalled propagator . From EM theory ,

it 's just the responseofpointcharge.Usng Fourier
transformation , the Green ef . can be easily solved :



I Guzit
)Only depends on 5

-

t' by sos)symmetry.
- ik .r

G (r ) = Jaree
G ( k)

二疯uS
。

*

dxx是 ertx
-昆

( Bessel function)

saddle

poimt
"xo
)
eS(xo)S( x ):=2tx +器些logx

~

approximation ,

s(x0) = 0
,
x
0
=- t
+

—辨器
r》论 -Ʃer
~ e

.

⇒ The two- point correlatitn function decays very
quickly for r元法

,
底 Canbethought as a

length scale,called correlation length .

On the other hand
,
the shore distance behavior :

γ《 底 ⇒× 0 ≈器 , S ( x。) ≈ 是 log器
,

s
"
(x。) x辈

⇒ G( ) xFaz
Generally

, away the critical poime

G (r)xe一号 , ∝r
At the critical point Cie . txo , reat →x )

Glt)aFdzene anomalous dimension
π
classical dimension

For Gaussian Theory :
0 主

, 7 = 0



$ 4 Renormalization Group
(这次课因为有事没去 ,

故此笔记依据写学生笔记作成 )

We are interested in Capturing macroscopicClongdistance

properties from microscopic Cshors diseance ) Models.

Renormalization is an efficient way to do that :

Integrate out microscopic dio . f .

. Rescalespacetimeandfieldsintaseicalphysicsonly"space'" , no
"

time
"

20 Ising model
eas1

“σ δ 0
6 √ 、

Integrate O etras 0剩…………
∵

…*

.
.

一~
σ 0 0

0 ” Λ
0 0
人 一

Q Q 0
,

-H (iss
. { sy ]E= Tre -

>-H ((ss)
= Tr e

Esy E了$ UEso

= Tr e
)H" ( { sos )

Ʃ Yso

The lattice constant is changed , so for a fair

comparison ,
we need to rescale spae by



t -→ t ' = 后
This proccedure can be done iteratively . starting from
Ts Te

,
where the correlation length is finite

< l ( r>ψ ( δ )) ∝ e
- r/s

§ →RG→…̂音

, N

→∞s <~" → 0

so after RGthemacroscopic systemwill be less

correlated and more disordered
. Finally , we obtain

a completely disordered phase cornesponding to

infinite tempreture ,
since in Gaussian theory 9 a it

On the other hand , we can also stare from toTa

< 中 (r) φ (0 )> ~<b (0 )》 + ( something) . e一号

→
R() ^< bloss

^

We obtain a completely ordered phase at T = 0
For the s - x case ie . at the critical point
3 = xI0

s

=x The system is invariant

We can describe these three cases by the following
RG flow : unstable fixed pe

< 《 ← < < 〈 是32 〉 》 T
「
0一 stable fixed pt

→∞



Generic Hamiltonion has the following Stractune ;

H = H
*
T 哥 ☆Hntpursumbation(deformation )

RG fixed pt parameter
StHu ' ycanbeconsideredas abasisunderRGflow.
→
RG
H ' =

H
* +☆ Hn

"

入nbYn

IfYn> 0
,入 n

a
x
, HnisRG- relevant

If Yn co , 入 n G0, tHe isRG- irrelevant
In practically , most of the deformation to lHt are
irrelevant

,
and there are only a few of relevant

defermation . But , the critical phenomena can be
described by Ht t l a few relevant deformation)

" "

This is the univer sality in our natune ie
.

Many different models are related to a single common

RG fixed point
Sy mmetry generally constrains the manifold of

RG flows , so symmetry controls the universality classes
We can also cousider RG flow in momentum

space . by Fourier transformation .

t):aeitit Pe



Low -k : long - wave length (IR) , slowly vanying in
real space

High- ic : Short - Wave length CUV) , rapidly oscill axing
in real space

In lattice model,Wehave anaturalcutof
I< Ma ta ,

a is the lattice conseant

This Cutoff can be seen from the dicrete translation

symmetry in lattice model .Inmomentum space k and

Kt 哥 are identified
,
so k is in the Brilloun Zome

(K|≤ 岳 ←^

$ 5 . Momentum- space Renormalization Group
Integrating out the high - momentum mode

daeitttf:1孤扒
”

oougindi一

⇒ Z = SDPE EH
[PE3
: SDPEDPE EH[P' E ,P ]

→ JDQE EH'EPE 3



isk:bkSetknDke'
H

"

[pe]

In the last step ,
we rescale the momentum to compone

the renormalized Hamileonian IH " With original Hamil -
- tonian H .

H [O 3= H
* [+÷Sadr 900 ( r)
fixed pt .

The scale dimensionofOrs,os defined by rescaling
T to F ' = 号

,

then ↴

OC)) O 'Ck" ) =bOCr )
Xo < d : relevant

, Xosd : irrelevant

G Sddr ' go ' 0 - Sddr ( bto
- d
go ) 0

→ go → g 0 = bd
-

xogo

scaling dimensions provide critical exponents
considering Landan - Ginzbung theory

d (r )→ d'[ " ) =b××①()

Hence We have the following scaling behavior of a-pt function

<① (r ) φ ( δ )) = x。<④ (号) ①( 01) (t= tc )

chose b = 1 r1

LP ( E) 1 (81 )= 4(
中

(f ) (0 ) )once
-imerotation invariance



comparing to ( P (i ) φ 10 ) ) a TAd-zen

→ X 0
=Q

We can also do dimesional analyse for correlation

length :

等 (→ 发二兽 ,

t1) t = bYtt
丄

⇒ 号= 发式 * = onst⇒ 号 xt- Yt

comparing to 3 xtr → ye =Ʃ
For specific heat Ca tet

2
,
We consider the

free energy (density ) f (t) :

Sd-f(t )= fddrf( t)= Sddr ( b -df ( b"t t))

⇒ f(t) = 5df( bbt t ) ⇒ f (+ ) att
C∝ 裂 α x-2 ∝ t

-α

⇒ 2 = 2- t = 2- ud
so there are non -trivialrelationsbetween different
critical exponents , and these relations are model -inde

pendent ,
ie . Universaliey . Next We will see more and

more relations

For field stneagth renormalization, a t
β

φ= b
×* ①= 華) + 中 →t 中=

七
i



⇒φα 七 t→⇒β= 毙 =dz+ n( 10

Magnetic susceptibility Xx 1t5
t

Sadr hps ) ) ddr'thi ' ftr)
= Sddr (brs

x=α= 2 (bbxx-dn )=bazx 6
x^=
()
x

∝ 主 )
“
器

⇒ γ=
d-
= V (2-n )

Finally , let ' s consider fa lhits
①= 5

×*℃= )*中 α ( h)毙。

⇒ 8 =
d

) =州
力世丰

以上 (大自明友次元解析τ” (23为?Thinking about LG
theoryagain :

|-H[ b] = Sddr [之 ( jp )=+ …}
E] = L

,
[ dar 了 = Ld ,

π ] = (



L
=

[ H]= [ dOr ] [ J=
]

[ p =
]

= [ d
=[

b^]

⇒[ p^
]

= ( -
(a)

→<φ (r) β(0》 x就. ?
Gaussiantheoryindeedfollows this naive dimensional

analysis . However
,

it breaks down in generic theory
which

<b (t ) / ( )》 α和+ n

For interacting model , such as 2 D 13x Ising nt 0
in general . BynainedimensionalanalysisWecanals

considegddr to ㎡ →10 =[ddr ][e ] [
d

] = ( [t]
⇒[ t]= ( -

2
=⇒ 号 α 1t(

0xt 之 → v = 之 ?

However
,
this is also not true for generic theory .

so Why these naive dimensional analysis break down
so far

,
we have implicitly assumed that we only

have a single length scale (r for t =tc , 号 for tttc)
However, mealwayshave an addisional length scale

“ “

Lattice spacing a

In the pre sence of the two leagth scales ,
the

dimensional analysis implies .

<①<n ) Ct) )∝ a .f ( 号 )
f is some funceion

,
so is a weaker constraine .



since akar , so f can behave as fix)xxn

→ < d(r ) d (t ))∝ a( )^α上rd-2+n
n is called Anomalousdimensiondenotesdeviatio

from the naive dimensional analysis .
In hight dimension ld, 4) fis trivial , it

'
s

just mean -field (Gaussian ) theory .

In lower dimension(d 4 ) local fluceuations are
significant makes f nontrivial leads to an anomalous

dimensionsyt0 .
And this phenomena can be captured
*

by RG trans formations
while the microscopic length of the lattice spacing

is irrelevant to macroscopic physics , its existence is
relevant

S 6
. Gaussian fixed point
Let us confirm that the Gaussian critical point

is a fixed point of the RG flow .

H [0] = VS @( + t ) 1 kP
1kk Λ

* : 4 - dimension is subtle but is ganssian - like.



→ E= S
*k号
DdztH

[b]

/DP< eH[d
+

]

∝ S
:P
φ<tHEr)const

In Gaussian theory wedon't have
the mixed term .

50 integrating out
shore- waareleugthmedes is trivial

Next ,
we need to rescale momentum.

k is k: = bk
- H [ψ]

⇒Z = fiegeplke
Hene

,
H [ P] =Ufa (当 + bt) 5

d=

1 pkP
For t = 0

,
ine

.

crixical point .

HCp] remains invariant
- d-2一

if te scales by fiats dic = b
← dz

.

so Gaussian

critical point is in deed a fixed point under RG flow .

since tisx
' -bt . At t= o

, it
'

s invariant

Ifweconsidert = 8 so ,sincebs 0 ,
sot becomes

larger and large along the RG flow . Similatly , start from
t= - 8 co

,

it willbesent to -
x

0

L < C <<< 7 × 7773 s >
t

So it' s a unstable fixed point .
In above,Wefocus

on the momentum RG
,
nexe We will consider Real - space RG .



At Gaussian fixed point :

H [ ①]= { {ddrJ )
Res caling T st = 号

1H[ψ ] = { /ddr ' y'ψ )
> be

-z

Hence
, Htd] remans invariane for flsd '

:bd
For generic interaction

gufdar b
"
= gnfbd ddr (-5

^
p)
"

: ( b"
-号 1d+n

gn ) / ddr
" ( t' ) "

so the scalingdimensionofgn i
Gaussian Yn = ( 1- 号 ) d + n .

↓
① gz := t ⇒Y 2= 2> 0 always relevant
② g4 : = U ⇒ y4 = - d+ 4 {

irrelevant d> 4

λ
LG theory

relevant da 4

③ go s Yo : 6 -2d Irelevantirrelevanefoford3
八
U

d> 4 √ NowWith 2 parameter
,V

V
gaussian fixed point is stable along

√

V
U
,
so it describes the

《 < < 37 > 3 s 3 s >t
Λ

Λ 、
Gauussian fixed Ising critical point for

µ
Λ point d> 4

t= 0 is the interface of order and disorder phase



八
M

d< 4

呸
Gaussian fixed point becomes

unstable for da4

《 人 《 g > 7733337t We need to fonetune
一

√ 、
V Gaulssian fixed u and t as 0

√ point
What we do in experiment

However
,
we only have to finetune one parameter t to
一

reach the Ising critical point .
T
so Gaussian fixed point

does not describetheIsingcriticalpointforda4.
It means an additionalfixedpoume shouldappearforday
We need to perform RG transformation in the presence of
interactions

.

In d=2 dimensions
, 中

'

(t' ) =P (i ) → yu=2 so for any
n . All of gn' sarerelevantinfinitenumber of relevant

perturbations .

There are infinite number of hontrivial

fixed points

t if there are no relevant direction it means We obtain a Stable

phase , but here we focus on phase transiti on , temperature t

contral the phase and at the critical point, We obtain a universal

fixed point



Emergent sy mmetry
Whenwewritedown the Landau- Ginzbung theory

We implicitly in corporate symmetry that is not respected in
the corresponding lattice model .

This is justified by
confirming many perturbations are irrelevant .
For example ,

2D Ising model on a square lattice .

C4 rotation symmetry is respected but continuous rotaxion

symmetry Soc2) is NoT respected . Consider the following
operator θ : = 14p + pagp ,

which preserve C4

rotation symmetry , but soczs symmetry is broken .

However
, scaling dimension of O is -2 < o

.

It
'

s irrelevant
.
There fore

,
continuous rotation

symmetry emerges at a critical point .
But this

happenaccidentally, Wedon's have any general prove .

S 7
.

Perturbative eRnormalization Group
For Landau -Ginzburg theory , we knew that

t and h has the following rescaling dimension :

t →t ' : b
'

tTr→ t = 号 → { u is u
'
= b

4 -dd
Untile now we have not constrained how large b is

.



Actually , we areinterestedinthein finitesimal
rescaling

,

which means b = ltdl
, descl .

Then we

have x= (1 + de)
e

= ( + 2dl ) t + O /de'
)

. we can

define B - function as :

e =2t :=βe (t )
Aswell as Bucu ) :

e = ( 4 -d ) u : =βu (u )

Obviously , fixed points are given by Zeros of B -

fuctions
, inere lueut =dele= tx = 0

But rescaling only captures the leading order
contributions of RG .

Indeed
,
this is only the first

step of RG ,
we still need to do the second step ,

coarse grainning to workouttheanomalydimensions.
For free theory ,

ine
.

Gaussian theory , this second step
is trivial

,
but it's non- trivial in interacting QFT .

Coarse graining is very imporeant ,
ie will give rise

to a new nontrivial fixed point .
H[ 1 ]= - HE 6] + gi/ ddr O. (r )



Z
*
: = SDpeH

* [b ]

,
<五> … = *{Dφ eH

*[]

I

→ Z = Z
*( 1- ÷ 9 :/ ddr <θ: ( t )》 +主声 gig;

Sddridors (Oicris oj (ri )))

. O ( gi )

gifddr ( Oists ) = gifbddt ) (5x
: O :

'
(' s)

= ( bd
-

xitfddt "(oi (i ' s)
g:
i

=⇒ gi =
ba-

xig . =(1 +dl )
d-
xigi = (1 +(d-xi/de ) g

→ de = (d-xi ) g: + Olg)

. O ( gigj )
」

ri cannot approach' sWithinthelatticespacing
ie

. We have the short -distance cut off a

ddriddr: COi (i ) Oj iri ) )g:fi; -ipa
rescale

gigifiri
-y

,diddk" ( Oi( r " ) 0 , " (号'3), 5 xi
-x;

= gig; bed
-xi -xissirdt;ti'sadi"'

(

O'(
a

') O

, "
(
r :" 1)



tf ddi'dd
"

CO :'C ' ),
"
s :' ) )]

ii
'
- r" / >a

The firse contribution is new
,

to evaluate it
,

since bul , Ocis Ociis looks like a single operator…

at“
,
we can use OPE

①: (ri >0 ; (ri ) - 灵Cija (i-r )Ok(tri )
↓

5
xi -x; ‰icri , o,' sra" bXK OK
7Cijktri -i )-

jxG<
xitxi-x.
—
onformal cijk
一

1-≈|xi+
xs
-×<

J ddiidds "KOii;OGCiiD ( for simplicity , a= l )
号 < In "_ ≈ " |<

adiiddias
bti-

xi-rxitxi-xa( OLtn 1)=

灵

{ kae) <tri-rz"

1 < /

Cijkfdeskisddr I 8pxitxs-
xa COK () >

Here
,
we defined 8: 'I -rs , t::

t .

A
Area of d- i - sphere

= sa. de Sadr' <OKC ') Cijk

⇒ E = Z
* ( 1- : g :/adr < O : (t )》 +之秀 gig; fdrdi



COi (ri )Oi (ri) ) )tld
-xalidegic

↓
= E

*[ r
-baxg-

声{saiaecijc)
2d-Xi -XjJadr ' COIt ' )>+ 当系 gigjb will orrece

θ
firi'-rig: ,ald"

<

O . '
C
') O ,

"

:
' )) + . … . 了

⇒ dgc = d-xc ) dl. gk -
; " Isa -

1
.dl cijk

⇒ βc : =
d= ( d- x<) gk -; Cijegig; + O ( g')

Hene ,g :
:
= gi

§ 8 Operator productExpansion (这次在别的设备上写的 ,
风格不太一样了

3 - pt correlation function Can be represented byxi and Cijc :

OPE
一

( Oi(t, ) O; (E ) OK (B 1) =

室,
(Ok .( ) 0(5 ,)

t

-fxitxi
-xt-Bpx

-ia

Here we used thefollowing normalization

< Oi ( )Oj( ≈))=pxr



In gemeral , OPE coefficients Cijk are dofficaltto find
.

Homerer , for the Gaussian fixed poimt ,We can obaimCijic
'

s via

simple combinatorics thanks to Wick'
s theorem.

Ganssian fixed point,2-pe cormelation funceion

( ptr) ① (≈) ) =π-rzaz

For
example ,

Let' s consider b (iP φ ()㎡

< p (i )=φ(I
)

= O<>
tstI -E)< P ( ⇌+= )4 O (5>)~

+ 4 <Q(π ) b (≈)><Ψ(+)'I( r) }
+ 2< QLAIOLE><E<r>>

Here
, We use the face

一 - ;_1> tr :-r≈1
〈 : d (i > b (i) : O( )> ~pPE( r))

Diagramatically ,
it means

zi ),Elrpt very for orng
① [r)的

On the other hand
, We can represent this correlator byusingOPE :

LQLP① ( IPO ( t)— 室<a(≈ ) O (t》



comparing these ewo equations ,

it' s easy to obeain

C2z2
C
220

C
224 ↓ ↓

①( jd (^~ & p ÷)↑+1u=φ (÷j+ 最a-4

This result can be collected as diagrams
. C

224 = 1

f (ri ) b (5 . )
0 □

0哔
0

℃ir)d (ri )

" (222
=4

dia , iri ) duri ) dias fir ) fiti ) )d ( ri)
0 0 0 □ 0 0 Δ

1 0 答 0 答 l 、 ,σ 0

0 0 0

diri)⑥(r) ir)d(ri ) d (ri ) b (ri) diri ) ⑥(r)

. C2z 0 =2

fia ) b (ri ) f (r ) β (8 . )
0 0

↑ 「
。 ←

d (ri ) d (ri) diri,iri)

Impliciely , me defred purp by hormal ordering : p ( tp : such that

l 5 ) :2o has been excluded.Actually ,Q(i ieself is NoT

Well- defime since



CQtm ) Pe)-⇌-rian w
In the

presence of the shore - diseance cutoff ,

it should be

understood as ades
.
In the continum limre , me inerodace

Nop to avoid such divergence . We can safelywork with it

since weare focusonRG equations Whichisnot sensitive on that.

Now consider a more complicated example
C242

p
2

44~ Fa-z
d '

+

C 24414
+
C 246rd

-2 p
6

We can Calculate coefficients by diagrams as before :

pin ,
0≈

1.
1

。 C242 = A☆ =
号

. = 12

fin ,
0

% ∴
。

C244 = 2 C4 = 8

φ ir 。
0

中 (r
≈

1
C246 = C40 = 1

心 000

Here
, for simplicrty, I onlydrawonediagramfor each Cijs

Now
,
me have enough inpute for the f function , plug

them into Bu , Be :



β e (t , u) = 2t -Crrt
'
-2 + (422) tu - C442 U

2

β u (t, u) = 4 ④- d ) u -C224
t
= - 2( 244 + C4 rn) tu - C444 u=

OPE is associative and commutabive
,
5 o

Cijk =jik

And C442 = Ax C 4' = 96

C444 : AE XCE = 7 z

RG fixed poirtsaxiefies fe =Bu= o
,obviously ,U= t=

is a trivial solution
,
ie . Gaussian fixed poike .

We seek an

additional fixed pomeforda4, ex' sconsiderd =4 - E
, E 0

β e = 2t - 4E - 24tu + 96 w = 0

impoce tx ,
U*

= O (E) ⇒ tx : O (E
'
)

β u = Eu - t - 16 tu -72 u
=
= 0

Again , impose Lx ,
U* = OCE) ⇒ UX = O or 爱 +OCε^)

so We find anewfixedpome ,Wilson -Fisherfixed poine :

(tx
,
U * ) = ( o

,
音 ) + O (ε^)

$ 9 penambatine RG
Let 's linearize the RG equations around the

Wilson - Fisher fixed point .

e ≈ ( tx, µ*)←+ 代 ( tx, Ux) U



= (2- 8tx - 24Ux )t + (-24tx - 192Ux ) U

= (2 - 号) 七-号 u

Aswelle:µ 讓七+µµ= - 号七 - εu

→ @ ( 结 ) =( 。。 )结 )
可

The scalingdimensionof eand uisgivenb
the eigenvalues of the matrix of coefficients

Ye = 2一号 , Yu = - ε

RG flow µ
一√

Wilson-Fisherfixed pointL
∠

∠

<<< ⑨> > > > Gaussianfixedpoint
Λ⇌ Λ” ε> 0 (da4)

<←←<< @> 3 3 ≥
t The wilson- Fisher fixed point

、 gives you the Ising critical
V

point

ThenturntotheE< ocase , ie .
d = 4 - E>4 .

The RG flow is given by :



µ
Wilson-Fisher fixed point

武 Gaussianfixedpoint

√ E > 0 (d< 4)
<<<<< ⑨了 > > τ
《一 i→ It means only gaussian
<<<<>> > ≥

跳
fixed point is stable (for ul

We can also calculate the corrected Critical exponent
v :=e 二元十言

plug E= l in Calthough it doesn'e satisfy ( E41)

v = 元 : 0
. 583 Ʃ…

Now it' s closer to the numerical resultO . 6299 . .

In principle , Wecanimprovethisresultbyhigher- orden
calcultation . Rather

,
the significance of Wilson- Fisher

RG is to analyxically demonstrate the emengence of
non -trivial fixed points
Now

,
We willgivesomecomments on 4 -dimensio

In d= 4 dimensions
,

the Wilson - Fisher fixed point

coincides with the Gaussian fixed point . Correspondingly ,
the scaling dimension for u vanishes :

Yu = 0 , marginal .

Back to the RGequation: .



elk
.= -
72u '⇒utl )="+7ze

Here Uo :=Ull=01 , similarly
elε=0 = 2 ( (- 12u ) t = 2 ( 1-品7ze ) t

⇒ log。= 2 β- 号 log( 72 u.l+ 1) ,

to : = t (l= 0)

Gaussian contribution
↓

→ el = )片 (7 zu0l+ 1 )
啦

片(36alog圭+六
∝ ti

立
(logt.)÷

Rec%
出号= -ai= 1 -dl ) +→ 卡

。

= el
ro is the scale of the system Il is just a psendo parameter)

so We obtain the behavioun of Correlation length
一之
(logt. )÷ro ael a to

Gaussianlogarithmic comection
Actually the power tocomesfrom

44
= 号 ,

so it

is universal.

So far we impliciely assume the perturbative
expansion well - define .

Is it true ? Back to the partition

function .



Z = Spde-Ht 0),1H [ ψ]=Sddr[÷)+ tb'+u 44]
Actually, Z is notanalyticaroundu= 0 ,sinceZax
if uso and z =x if uso .

This means perturbative

expansion for small u isNOTconvergent ,however ,i

can be considered as an asymptotic expansion .

We can see that from the baby version , od

Z =套 !.dd etb
=
- ub4

(t >0
,

u > 0 )

= !!dbeti .‰ (
崎。

= 后 (nun ,ca 点外)
”

Icnunl diverges for nrx for arbitrary u.

However,the asymptoticexpansion is stillusefuul
人Ezn :=|E- 点Cmum|

√
It meanstheaccuracy firse

increase
,
then decrease for

氵 3 n higher and higher order result
器

In practically , human being can only calculate first
few order contributions .

But the turnning point is



about 器 ~ 25 foru = 0 . 01 , t= 1 , so we don
'

e need

to worry about it .

S 10 ContinuousSymmetry .

(仕事動
“

女Zαr
”

.
负 ”席E)

so far Wehavefoousonthe Ising model ,

Ie has

Z 2 symmetry .
Continuous symmetry leads to further

rich many- body phenomena . In this lecture , we will back

to the OCN1 - mode 1
,
N=1 is just the Ising field theory .

How, [ψ]= { ddr[x①)+tlp 1㎡+ u 1t 14] , δε (Rr

It correspords to the following lattice model
H = - J忌,

Si - sj
,

1 si |=
1

N= 1

, Ising model

N =2
.

X 4 model

N= 3
, Heisenberg model

.

For OCN ) -model wehavethefollowingperturbative
RGequations :

e = 2t- 242tut = 4 -d ) u- Cer4ur
We firse compute Cr4z :

IPP . 1014 ~ C 242( bpt.--

LHs ⇒< 1⑩㎡ .
1
i 14 .O) =☆ 。<φ:( b;() %(∵ O(i)



To obtain IP=PadE"Wehavethefolloving diagrams
u

( : ;

" + ti )(∵ k

) + ( ∞;
) + ….

Noting now OCN ) is not a free theory , it has 4 -vertex.

However it only contributes to loop- level .weonlynee
to consider the first two diagrams ,

which give us :

Ʃ<Ψi (i) >dj( r;) ^ψ c( kxθ(ri )>i
,j , k

~ 2录 ( Ψi (z ) φ; (;))=<φ k(rki^o (k)) +(→ k )

+ 23 jc (bitri )p; (r; ,><pi (ri ) φ<(k))< pk(k>φ; (r; )0(t')
(①id;>=δi ;
~ 2 ×2N < / bP 0>+ 23 < 1ψ 1

^

0)

Then we have C242 = 4N 48 , similarly , one can find
C444 = 8N+ 64

plug iuto the RG equations :

e≈ ( E-8 ( N + 8) u)u → U *
=(we8)

⇒ 4 ≈ 2 (1 -4Neu)t2 (1-4IV)
⇒crixical exponent

Ye

√= 花 = 主 + N器+8) E



It
'

s depend on N ,soOCN )hasdiffereatuniversalit
Take N→∞ → U

*
: O (i ) ye = d- 2

Which suggets that the perturbative analy sis becomes

exact
. It can be confirms by large N expansion .

Next , We explain gapless excitation , Nambu- Goldstone

modes when SsB .

From the mean - field approximation
f = tlpP+ult 14 = u( (iPt去》 _( u> 0)

→{ 品:, 器0
the re is a phase transition at t=0 .

However, now

o is a w- components vector, Cps doesn
'

t deeermin
一

the direction of 1

For exanple , N =2
八 f when tco

,

the
一UVE…

……

*

1 GS<23 =0 becomes

> % semi - stable
,
it will

shose a special dinection

d1
. c

and slip down .

O'N) is broken spontaneously

You may think we can also make the directionof f



varines ,sinceitgivesyouthesamemean-field theory .
energy
_—_→→≈↓ buut ie actually has higher energygap

{
——九~r due to the gradient terms1opx
0f ~ 号P,

2
: entirechange of dinection

Ie can be arbitrarily smallfor alargesystem (L→x)
Then it can be consider as a gapless excieation ie.

Nambu- Goldstone modes.

Wecanalso check it by explicitly expand around the

groud states .

① V=2 (x4 model )
」

φ (r ) ≈a(osinain) ) tco ,
uno

d
⇒H [ Ψ]≈ 令 (一志 ) /d㎡÷ (σθ)^+心

omas,term② N =3 (Heisenberg model

δ ( E ) ≈( snomosr,asm(r, )
cos θct)

→ H [i] = { (一奇 ) fdd [& op+ sin' θ( σ④] + oust
Here we have two interacting VG modes but the

mass ferms ane missed .

However
.

on the above analysis, we Only consider the
」

fluctuation of direction of f , We can also considen the

fluctuation of anplitude of flive .
181 ) ,

which gives



us the Higgs modes
.

In the end, weconclude thatthenumberofNG

modes can be considonedas acosetof Symmetry groups :

son
器y*beageeaoB

# NG modes dimgut - v1 for 0u)-model

S ll Hohenberg - Mermin - Wagner theorem
Last time , We showed that Spontaneons breaking of
continues symnetrys gapless Nambu- Goldstone modes

But the analysis is based on mean- field theory , we

Want to knowifthisstatementis still true even

after considering the quantum fluctuations . Aceuallyw

will show that there is NO SSB (continuous symmetry )

in d≤ 2 . since fluctuation destroy the long- range order.
The effective Hamil tonian of NG modes for O(2) -model is

Heff =是/ddr (5θ(t))
>

From the microscopic lattice model

H = -J Ʃ as (θ:
- θj )

-
<ijs

since Z :=Trekmt .forsmalltemperature ,Q
-θ
j
* 1

H ≈ - J忌 ( 1- ÷
(θi -θ;j

= )



H≈ a ( θ)
+onct

Here to means the number of Connected sites . By taking
continue limit

,
ie .
ax 0

,
we obtain :

H ←→0 蛋ad= {dd= (÷ 0)
2

compare witch the Heff,

最 = adv 房 α卡
Which means ksx as T 5o andK -s 0 as T→∞

Hefftd] is a Gaussian theory at a crifical point , any

potential of O is for bidden sinceO(2 )symmetry( θ→θ+8)

We alreadyknew that in Gaussian theory

(DLE) θCO) ) ∝ {一 ,

d≠2
( Just by solving

loglky ,

d= 2 J
=

G = - δ )

Let
'

s regularizetheCorrelationfunction byCOLuIQco)
②

hee L is the size ofthesystem. Bondary
1 condition .
一

⇒ COLE ) OCE1) a{ ' riar
- lr

,
dt2

log 是 ,
d= 2

1

→ <θ
'

> ~<θ (a ) θco) ) ∝ {
har - ar , dt <

log 是 ,
d =z

so We both have large distance cat off .
L
,

and shore

distance cut off ,

a . Take (-→x limit ,



Los{finieidssz
Therefore

,
d ≤2 system has long - distane (IR) divergence

Now back to the order parameter f =( 0 , 1. )= (oso, sinθ)
e . g . <P .)=<orθ) = 器:.<θ n)=流 。 π

…

”
.

( 2n-D ! ! <a
<p

= 品:( <θ s)n=流的( -Ʃ0) m =exp(-
θ> )

It means (p.7 →→00 in da2
.

Quantum fluctuation

makes) at the tip of Mexico hat ! (Kp>= 0 )
Hence

,
there is no spontaneous breaking of Ol2) symmetry

in d≤ 2 . This arguement can be generalized to any
Continuous symmetry .

Nevertheles , the O(2) theory in d=2 exhibits a

unique physics. Recall that the normalization factor :

<θ(r) θ (0)) _ klogIi 1

consider the 2-pt correlation function .

」

</ (t) δ (0)) =<ω s ( θ r )- θls))

By the same method we used for computing (p.
)

一

<≠( t) - φ (0)) = exp[ ÷<@(r)- θ (t)P >]
= exp (<Q(t) θ(o)- <θ ( δ)^>)
~ exp (- rklog /51 + i: loga )
~ () 辰



In the second equality , ne used trans lation invaniance
.

<θC)㎡>= @( 0 )?From the2 -ptcornelationfunction ,

We know the critical exponent is Ik ,
and we already

know k is a parametervaryingrespecetoT . Homnenep
it' s a highly non - erivial result , since amy example me

have etm untilnowhasthe fixed crixical exponent .

This noveltyphenomenoncalledquasi - long- range order .
For a generic Ganssian fixed point , the coupling

Constant can be absorbed by redefinition of the field operator.
Homever

,
O is an angle ! QnOt2z

,
so We can noe

rescale Q arbitrarily , so Ik is indeed observable
.

so in this case , we should expecta lineoffixed poines

not only a single point .

The parameter k is exacely
marginal named as Luttinger parameter of the Tomonaga-

Luetinger liquid .

For OCN >2) ,
there are multiple gapless modes

interact with each other
.
There are No quasilong -range

order and it
'

s gapped .



S 12 Berezinskii - Kosterlitz - Thousless transition

We know that the 2p X4 model on a lattice

becomes completely disordered at sufficiently high
temperature , Which means thefollowing result seems

wrong :
<Ψ (r) .℃ (%) ) α下☆

so we must missed something in our field theory
analysis . -Indeed ,welose acopological term in the

previous analys is , and it
'
s essential for phase transition

despite the absense of ssp .

so this is a novelty

phase transition , not juse drived by ssB .

This is the

first example of topological phase transition .

The key poine is that the Oli) is periodic in
[0

,
22)

θ+ 2π ~ θε (口/2xx
Which means it can

"

wind
"

.
For example consider the

following loop . θ
Λ

T
L λ

identified∴ " ……
…

…

1"



Here we illustrate a possible configuration with
non- trivial topology . obviously , it has winding numben
W=2 .Ingeneral ,theWindingnumbercanbecomputed
by the followingformulare :

o )- dr =2 aw,w ε

π . ( s') = 2

c

e . g .

W =1

↑
'

'Votex "configuration
「

⇌ n岁Ososisill-define, alled topolbgicldofec
公 dx

Di -θ; sal is not true

However
,
in the previonslecture , We used the Tylor

expansion of coscdi -θj) .

This is not valid when the

Votex singularity exists .

so the contribution of Vortex

can not be captuned by Gaussian Theory .

The energy of a single Vortex can be computed by
E=<{ d

㎡r (j θP = 最{izardrF 的 = k 长log
And the entropy is given by

.

s= logp = 2bg 长

# of choices of single vortex configuration



Then the free energy is
k > 2

F = E - s = (k -2) log 长→ {%
K< 2

This means a vortex becomes stable at high temperature
region ( Recall that K~÷ ) and unstable at low temperature

region ,
so in the low temperature region ,

we can believe

the result from Gaussian theory . Then we juse see

the quasi - long -range order
Copir) - 1 )∞π☆ ,

TKTc

But vortices are stable at ToTc
.

In this case
,
one

will encouter the proliferation and screening of vortices .

④ ④ θ Then the short - range order would

θ
θ ④ appear :

④ θ + : W= t
1 ttiritt) × e

☆
一 : W = - 1

This mechanism is similar to coulomb gas , the effective
eleceric field is

- Ganss law in 2D
√

E = 品)→ % %Emds =zzw
Away from vortices

,
Gaussian theory Works .

It is

described by the poisson equation

J=θ = O



From the E- L eq.ofHTOJ~OP . Obviously , this

equation is just analog of JXE=0 .
In conclusion .

at high temperature region ,
we obtain the phase as

coulomb gas of vortices .

This phase tran sixion

becomes from the topology of vortex . called as BKT
transision , a baby version of topological phase transition .

Now
, me use anotherway , perturbative RG ,

to

describe the BkT transition quantitatively . First
, we

Write down the effective Hamiltonian including Vortices

Heff =<{a== (50 )
=

- y / d
'
=(U (r ) + U* rj)

y : effective weight of creating a W=±1 vortex

fugacity )

VIt ) : creation operator of a W = 4 I Vortex ax t

V
+
( r) : ~ W =

-

1

一

More precisely , VEr ) is defined as boudary condition

of path integral

( Vn ) . … . ) : S DOCE ) EHCO
3.
… .

configurationof Qin)
with Scdt . (0 θ) =2π

The derivitation of Heffis lefs in literature .



The Leading onder approximation of perturbative RG
equation is at Gaussian fixed pt

江 1

de -dxyly +- ,

CUCrioutcr )dXpxy
From the definition of SUsiiutiri )… )

,wehav

CVuri )utir 1) fpourieHextn EEc
,is)

‰ @mW

Etn
,
ri) is the energy of a welvortexatii and

W= - 1 vortex at ts .
since the behaviour of vortices is

similar to coulomb gas ,
Eliiis can be solved as
…

E (5 , r≈ ) =2 klogr-的
⇒ xy = k

,
there fore ,

e= ( 2- k)y + … .

Xik =2 is given by the original Gaussian theory ,

so the

leading onder of Brvanishes .We need to tackle non.
linear contributions which is tedions

@ = - Ay^ - 2Byk - ck
2

However
,
CKe should vanish since y = o is a solution

of the perturbative RG equstion as the Ganssian fixed pt .

And 2Byk also should vanish by the analysis of symmetry
E ( y )= E (- y ) ⇒ y- odd term should vanish .



only one ferm , Ay
'

,
left . The explicit expression of A

is not ncessary in Our analysis .

The trajeceor can be

written down as :

Ay㎡ - (2- kP = const .
y ^

e board of two phase

*t
, es言

是

phaseI : kle→x > 0 ,
y / e→x = 0

quasi - long -range . Kc =2 is universal.

phase I : kll→x = 0 ,
y 1 e→x =x

Short - range (disordered)
-rls

,
G (∞] =0short- range : G (r ) ~ e

long - range : G (∞) = const ≠ 0

quasi- long-vange : GC∞) = 0 but Gir) ~ γ
Y(e)

才

終τ “

等


