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Lorentz Group & Poincaré group

Definition
Lorentz group (O(1,3)) is the isometric transformations in Minkowski spacetime

Four disconnected parts:
Proper orthochronous lorentz group: SO(1, 3)↑

Discret Transformation: P, T
We just need to care about SO(1, 3)↑.

Definition

Poincaré Group = SO(1, 3)↑ nR1,3

It’s the biggest symmetry group of 1+3 spacetime.
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Double Cover

As we all know:
SO(3) ∼= SU(2)/Z2 (1)

Similarly:
SO(3, 1)↑ ∼= SL(2,C)/Z2 (2)

More fun with identities:

SO(2, 1)↑ ∼= SL(2,R)/Z2, SO(5, 1)↑ ∼= SL(2,H)/Z2, SO(9, 1)↑ ∼= SL(2,O)/Z2
(3)

Because

Theorem (Hurwitz)
The normed division algebras over R are precisely R,C,H and O.

So we can never find ternary number!
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Penrose Diagrams (Mink4)
Penrose diagram conformally conpactify the spacetime, represent it by a finite scale
diagram.

Carter-Penrose diagram 20

1. 由于 d̃s
2 ⇐⇒ ds2 = 0，所以光锥不变，即时空因果结构不发生改变；

2. 向量场的类时、类空和类光性质不变；

3. 类时和类空曲线还是类时或者类空的，但是类时或者类空测地线不一定仍是测地
线，但是类光测地线依然是类光测地线。

从这个意义上看，如果我们只关注时空的因果结构，完全可以考虑共形紧化之后的度规，

重点是共形紧化后坐标变成有限区间内取值，这使得我们有希望在时空图上表现出共形

无限远。继续对 15.6做变换：

T = U + V, R = U − V
overall=⇒ t ± r = tan 1

2 (T ± R) (15.7)

度规变为：

d̃s
2 = −dT 2 + dR2 + sin2 RdΩ2

2, |T | + R < π, 0 ≤ R < π (15.8)

最后一项角向不用在意 1，现在整个时空图是一个有限大小的图，其上面的每一点表示 1
坐标变换的时候我们只是把 r, t

进行变换，没有将他们与角向坐标

混合
一个球面（除了 i0），而且共形无限远以边界的形式表现出来：

R

T

r = 0

spacelike
infinity (i0)

r = +∞

t = −∞
past timelike
infinity (i−)
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t = +∞

future lightlike
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t = constant
r = constant

photon

+π

−π

+π

图 2. Minkowski时空彭罗斯图

这种类光测地线都是 45◦ 斜线，而且能表示共形无限远的图称为彭罗斯图。这个图

还有另一种更常用的画法，其实是比上面的形式多出一个维度，用图上左右部分两个点

表示一个球 S2，表示球上的一对对径点。原先在上图中只能画成折线的测地线现在可以
展开画为曲线：
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Definition
Every point of I± represent a sphere of infinite radius, called Celestial Sphere (CS2)

Because CS2 can be seen as a complex plane after single-point compecting, we
can use (z, z̄) to label its angular coordinates (S2 ∼= C ∪ {∞}). We prefer to use
retarded coordinates (u, r , z, z̄) parametrize I+, and advanced coordinates
(v , r , z, z̄) on I−. Remember, The angle parameters (z, z̄) are antipodally identity
between I±.
SO(1, 3)↑ ∼= SL(2,C)/Z2, Lorentz transformations generate conformal
transformations on the celestial sphere!

z 7→ az + b
cz + d , z̄ 7→ āz̄ + b̄

c̄ z̄ + d̄
(4)

We can use infinite symmetries on CFT2 to analyse scattering process in Mink4
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Conformal Basis
In QFT, we usually use fourier transformation to work in moment space, which can
manifest the translational symmetry of Minkd . To use the conformal symmerty of
CFTd−2, we can work with Conformal Basis:

Photons:

A∆,±
µa (Xµ; ~w) = − 1

(−q · X ∓ iε)∆−1
∂

∂Xµ

∂

∂wa log(−q · X ∓ iε) (5)

Gravitons:

h∆,±
µ1µ2;a1a2(X ; ~w) = Pb1b2

a1a2

1
(−q · X ∓ iε)∆−2∂b1∂µ1 log(−q · X ∓ iε)∂b2∂µ2 log(−q · X ∓ iε)

(6)
where Pb1b2a1a2 ≡ δb1

(a1
δb2

a2)
− 1

d δa1a2δ
b1b2 , ∆ ∈ d

2 + iR.
However, in the soft region, which forced ∆ = 1, the conformal wave functions need to
be redefined. (arXiv: 1810.05219)
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For example, we can transform momentum space amplitudes to conformal space
amplitudes:

Ã(∆i , ~wi) ≡
n∏

k=1

∫
Hd+1

[dp̂k ]G∆k (p̂k ; ~wk)A(±mi p̂µ
i ) (7)

For massless particles scattering, this transformation is Mellin transoformation.
3 massive scalar scattering (φ3-theory) at tree-level (min = (2 + ε)mout):

Ã =
i2 9

2π6λΓ(∆1+∆2+∆3−2
2 )Γ(∆1+∆2−∆3

2 )Γ(∆1−∆2+∆3
2 )Γ(∆1−∆2+∆3

2 )Γ(−∆1+∆2+∆3
2 )

√
ε

m4Γ(∆1)Γ(∆2)Γ(s3)|w1 − w2|∆1+∆2−∆3 |w2 − w3|∆2+∆3−∆1 |w3 − w1|∆3+∆1−∆2
+O

(8)
But we need a more systematic approach, CCFT is comming!
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Infrared Triangle

Surprisingly, three seemingly unrelated areas can be linked by some kind of relationship!
2 C H A P T E R 1

Soft
theorem Ward

identity

Asymptotic
symmetry

Vacuum
transition

Memory
effect

Fourier
transform

FIGURE 1.1. The infrared triangle.

which the passage of gravitational waves produces a permanent shift in the relative
positions of a pair of inertial detectors. Detection of the memory effect has been
proposed at LIGO [34] or via a pulsar timing array [35, 36]. It is an exciting
experimental prospect for the coming decades. Again, the gauge theory analog
appeared only recently [37–40]. This memory corner of the triangle provides an
important physical realization of the more abstractly formulated results of the other
two corners, giving direct observational consequences of the infinite number of
symmetries and conservation laws.

Figure 1.1 also depicts the mathematical equivalence relations connecting the
three corners. Perhaps the simplest is the connection between the soft theorem
and the memory effect [41]. The former is a statement about momentum space
poles in scattering amplitudes, while the latter concerns a DC shift in asymptotic
data between late and early times. These are the same thing, because the Fourier
transform of a pole in frequency space is a step function in time. The step function
in turn can be understood as a domain wall connecting two inequivalent vacua
that are related by an asymptotic symmetry [41]. Hence the memory effect both
physically manifests and directly measures the action of the asymptotic symmetries.
The triangle in Figure 1 is closed by noting that every symmetry has a Ward
identity that equates scattering amplitudes of symmetry-related states.1 These Ward
identities turn out to be nothing but the soft theorems—which relate amplitudes
with and without soft particles—in disguise [10, 11, 42, 43].

It is a testimony to the unity of physics that these three seemingly disparate
avenues of investigation led to the same mathematical structures. We will see in
section 5 that Weinberg’s 1965 soft graviton theorem reproduced the 1962 results
of BMS, but in the wildly different language and notation of Feynman diagrams as

1 Alternately, these identities can be derived as the vanishing of all matrix elements of the associated
charge conservation laws.

Figure: The infrared triangle
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Large gauge symmetry * Gauge symmetry

Definition

Asymptotic symmetries = Allowed symmetries
Trivial symmetries

We can use Asymptotic analyse on QED and perturbative gravity to find asymptotic
symmetries, called Large gauge/diffeomorphic symmetry. Noether theorem tells us
there must be some conserved charges correspond to asymptotic symmetries, in fact,
there are infinite number of conserved charges! These symmetries will spontaneous
breaking and bring soft photons and soft gravitons to our world.

〈out|
(
Q+

ε S − SQ−
ε

)
|in〉 = 0 ⇐⇒

m∑
k=1

eQout
k pout

k · ε
pout

k · q −
n∑

k=1

eQ in
k pin

k · ε
pin

k · q
(9)

Asymptotic symmetriesWard Indentity⇐⇒ Soft theorem!
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Open Questions

There are some open questions:
CCFT
Non-Abelian promotion
Supersymmetry on the celestial
BCFW, CHY, KLT relations of the celestial Amplitudes
…

There’s a lot of new physics on the celestial waiting to be discovered !
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100
Thank you!
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